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Morse Theory in the 1990’s

Martin Guest

Introduction

Since the publication of Milnor’s book [47] in 1963, Morse theory has been a stan-
dard topic in the education of geometers and topologists. This book established
such high standards for clarity of exposition and mathematical influence that it
has been reprinted several times, and it is still the most popular introductory
reference for the subject.

Morse theory is not merely a useful technique. It embodies a far-reaching
idea, which relates analysis, topology and (most recently) physics. This no doubt
is responsible for the resilience of Morse theory over the past several decades:
despite the essential simplicity of the idea, it seems to re-emerge every few years
to play a crucial role in some major new mathematical development. The title
of Bott’s article [13] was no doubt inspired by this resilience — here is a subject
which appears to be completely ‘worked out’, yet which time after time has
come back to yield something unexpected. Characteristically, a few years after
the appearance of [13], Morse theory is again at the forefront of mathematics,
as a motivating example of a ‘topological field theory’.

This article is based loosely on four lectures given at a Graduate School in
Differential Geometry, held at the University of Durham in September 1996. The
purpose of the lectures was to give a topical introduction to Morse theory, for
postgraduate students in the general area of geometry. In order to save time
and yet provide a concrete focus, I omitted most of the standard proofs, and
used Morse functions on Grassmannian manifolds as a fundamental collection of
examples to illustrate the theorems. As well as introducing some basic aspects
(such as Schubert varieties) of these important manifolds, this gave the opportu-
nity of discussing a link between Morse theory and Lie theory. A second feature
was that T emphasized from the start the fundamental role played by the gradient
flow lines of a Morse function. With the benefit of hindsight — see §4 — this is
a very natural point of view to take. It also fits well with the Grassmannian
examples, where the flow lines are known explicitly.

In late 1997 T gave a more leisurely series of lectures for advanced undergrad-
uate students at Tokyo Metropolitan University, and T took this opportunity
to expand greatly my original notes. As in the earlier lectures, I emphasized
the Grassmannians and the role of the gradient flow lines, but this time I went
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‘beyond homology groups’ in order to illustrate the real power of Morse theory,
and to give some idea of the developments since [13]. T have also tried to give
an account of the ‘toric’ point of view, the full significance of which is only just
beginning to be appreciated.

Before getting started, a few historical comments are appropriate. After the
pioneering work of Morse, the ‘modern’ period of Morse theory began with Bott’s
work in the 1950’s on the homology and homotopy groups of compact symmetric
spaces. One of the main achievements of the Morse-theoretic approach was
the extension of this work to the loop space of a symmetric space; this led to
the discovery of the (Bott) Periodicity Theorem and ultimately to K-theory.
Although the role of Morse theory in this area was quickly taken over by the
new machinery of algebraic topology, the geometrical nature of Bott’s proof of
the Periodicity Theorem still retains great appeal. During the 1960’s, Morse
theory was used most prominently to investigate the topology of manifolds, and
most prominently of all in the work of Smale, which led to a proof of the Poincaré
Conjecture in dimensions greater than four. Following several dormant years in
the early 1970’s, Morse theory returned as a guiding force in the development of
mathematical Yang-Mills theory, in which the critical points of the Yang-Mills
functional are studied. In the 1980’s, having been pushed out of the limelight by
the rapidly developing analytic and algebraic geometrical aspects of gauge theory,
Morse theory found a dramatic new role. This time the primary motivation was
a new approach to Morse theory due to Witten, together with an extension of
these ideas by Floer. In this approach the gradient flow lines play the central
role, and this laid the groundwork for the ‘field-theoretic’ point of view pioneered
by Cohen-Jones-Segal, Betz-Cohen, and Fukaya.

The main emphasis of these notes is the Morse theory of compact — in par-
ticular, finite-dimensional — manifolds. T have tried to give at least some refer-
ences for each aspect of finite-dimensional Morse theory, but not for the infinite-
dimensional theory where the subject is much more diverse.
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1 Morse functions

In this section and the next we give a brief explanation of Morse theory, referring
mainly to the first 40 pages of [47] for proofs. We begin by defining Morse
functions and by mentioning several nontrivial examples. We introduce the flow
lines and the stable and unstable manifolds, and give some examples to illustrate
these fundamental concepts.

1.1 A basic question

Let us agree that 1t is important to study manifolds. One way to study a manifold
might be to study all possible real-valued functions on it. Presumably, different
types of manifolds will possess different types of functions.

Every manifold admits real-valued functions, e.g. constant functions. But it is
not immediately obvious how to write down explicit formulae for nontrivial real-
valued functions on a given manifold. For example, consider the Grassmannians

Gri(R™) = {real k-dimensional linear subspaces of R"}
Gri(C") = {complex k-dimensional linear subspaces of C"},

which are compact manifolds of (real) dimensions k(n—¥k), 2k(n—k) respectively.
To give a function f: M — R, where M = Griy(R") or Gri(C"), we must
assoclate to each k-plane a real number. How can we do this in a natural and
nontrivial way?

As a much easier example, consider the manifold S’ consisting of complex
numbers €2™? of unit length (i.e. the circle). The angle § defines a function S* —
R /7, which is not quite what we want, but we can obtain a real-valued function
by using cos2#f. It seems reasonable to regard this as the ‘simplest’ kind of
nontrivial real-vaued function on S'. Note that this function may be interpreted
as the first coordinate of the embedding S* — R?, €27 . (cos 276, sin 276).
This suggests a useful source of functions on a general manifold M : first embed
M into a euclidean space, then take a coordinate function. (But in order to find
nice functions, one has to find a nice embedding.)

As a slight modification of the previous example, we could take the torus:
T = St x S1. For a fixed choice of (a,b) € R? we have a ‘coordinate function’
(€2 2™V s qcos 27z + beos2my. This is a coordinate function for an em-
bedding of T in R*. We could instead use the familiar embedding of T" in R3,
and take a coordinate function there (page 1 of [47]). But we shall see later that
this function is slightly less satisfactory, for the purposes of present-day Morse
theory.

The basic question which Morse theory addresses 1s: what is the relation be-
tween the properties of a manifold and the properties of its real-valued functions?
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By ‘properties’ we mean global properties, as all manifolds of the same dimension
have the same local properties. Thus, Morse theory aims to relate topological
properties of M with analytical properties of real-functions on M .

1.2 Morse functions

First we recall a standard definition:

Definition 1.2.1 Let M be a (smooth)! manifold, and let f: M — R be a
(smooth) function. A point m € M is called a critical point of f if Dfy =0.

The derivative Df,, at m is a linear functional on the tangent space T, M ; thus
m 1s critical if and only if this derivative 1s the zero linear functional.

In terms of a local coordinate chart ¢: U — R”™ where U is an open neigh-
bourhood of m in M and ¢(m) = 0, f corresponds to the function

fod™ U =R,
and Df,, is represented by the 1 x n matrix

A(f o9~ A(f o9~
( (), = (0)).

It will simplify notation if we just write f instead of f o¢~'. Using this con-
vention, Taylor’s theorem may be written as

1
f(x) = £(0) = Z a;T; + 3 Z a;jx;x; + remainder

_ _9f
= mb.

When m is a critical point, i.e. Y a;2; = 0, it can be shown that the matrix
(ai;j) defines a symmetric bilinear form on the tangent space T,,, M . (This bilin-
ear form is called the Hessian of f.) Hence it is diagonalizable, and the rank and
nullity do not depend on the choice of ¢. This leads to two more definitions:

a
where a; = 8—£|0 and a;;
2

Definition 1.2.2 Let m be a critical point of f: M — R. The index of m is
defined to be the index of (a;;), i.e. the number of negative eigenvalues of (aj;).

Definition 1.2.3 Let m be a critical point of f: M — R. We say that m is a
nondegenerate critical point if and only if the nullity of (a;;), i.e. the dimension
of the 0-eigenspace of (a;;), is zero.

Since any function on a compact manifold has critical points (e.g. maxima
and minima), we cannot get very far by considering functions without critical
points. In other words, it is unreasonable to insist that the first term in the
Taylor series be a nondegenerate linear functional at every point. The next most
favourable condition is that a function has no degenerate critical points, i.e. that
(at each critical point) the quadratic term in the Taylor series be nondegenerate:

1 The word ‘smooth’, meaning ‘infinitely differentiable’, will usually be omitted in future.
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Definition 1.2.4 Let M be a (smooth) manifold, and let f: M — R be a
(smooth) function. We say that f is a Morse function if and only if every
critical point of f is nondegenerate.

To be a Morse function is in some sense a weak condition, as it can be shown
that the space of Morse functions 1s dense in the space of functions. But in
another sense? it is a strong condition, as Morse functions have a very special
local canonical form:

Lemma 1.2.5 (The Morse lemma) Let f: M — R be a Morse function. Then,
for any m € M, there exists a local chart ¢ at m such that

f) = fO0) == _ai+ Y o

i=A41

d

Note that the remainder term has disappeared. It follows from this formula that
the index of any local maximum point is n, and the index of any local minimum
point is 0.

Frample 1.2.6 (Height functions on the torus) In the diagram below we have
two embeddings of the torus 72 in R3. By taking the z-coordinate function,
we obtain two real-valued functions on 72. The critical points are marked with
crosses.

Tt is instructive to write down explicit formulae for these functions on 72, and
to verify that the critical points are all nondegenerate, with indices 2,1,1,0. O

2 This somewhat paradoxical situation is indicative of a ‘good’ definition, perhaps.
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Frample 1.2.7 (General theory of height functions) Let M be a compact sub-
manifold of RN . For any v € RY we may define the ‘height function’ Y and
the ‘distance function’ LY on M by

h'(m) = (m,v), L'(m)={(m—v,m—v)

where (, ) is the standard inner product. (Note that these functions are essen-
tially the same if M is embedded in the sphere S¥=1 C R™.) It can be shown
that, for almost all values of v, the functions A and LY are Morse functions.
The critical point theory of these functions is intimately related to the Rieman-
nian geometry of M (with its induced metric). A brief treatment of L is given
in [47]; the general theory is developed in [53]. O

1.3 Geometry

To obtain geometrical information from a Morse function f: M — R it 1s useful
to consider the gradient vector field V f of f. To define the gradient vector field
we assume that a Riemannian metric {(, ) has been chosen on M, and we define
(VHm by {(VHm, X) = (Df)m(X) (for all X € T, M). For many purposes
(although not all!) the particular choice of Riemannian metric is unimportant.

By the theorem of local existence of solutions to first-order ordinary differen-
tial equations, there exists an integral curve v of the vector field —V f through
any point of M. (We introduce the minus sign because we want to consider
v as flowing ‘downwards’.) Tt should be noted that explicit formulae for these
integral curves are not readily available in general.

If M is compact, then the domain of any such integral curve is R and R acts
on M as a group of diffeomorphisms. We shall denote this action by m +— ¢ -m,
for m e M, t € R. In other words, ¢ - m = v(¢), where = is the solution of the
o.d.e. ¥'(t) = =(Vf)y() such that 4(0) = m. There are only a finite number of
critical points in this case (as critical points are isolated, by the Morse lemma).
Each integral curve v ‘begins’ and ‘ends’ at critical points, i.e. t_l}inoo y(t) are

critical points. Evidently these integral curves are constrained by the global
nature of M, and we shall see that they are a very useful tool for investigating

M.

Example 1.3.1 Let M = S?, and embed S? in R? as the unit sphere. The
z-coordinate function f:5% — R, f(x,y,2) = z is a Morse function and it
has precisely two critical points, the north pole and the south pole. It 1s the
restriction of F:R3 — R F(z,y,z) = 2, and —V f is the component of —VF =
(0,0, —1) which is tangential to the sphere. Hence each integral curve of —V f is
a line of longitude running from the north pole to the south pole (with a certain
parametrization). O
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Frample 1.3.2 (Height functions on the torus, continued) Consider the two
height functions on T? from Example 1.2.6. The integral curves are illustrated
below, with respect to the induced Riemannian metric from R3. In each case
the torus is represented by R2/Z? and a fundamental domain is shown. The
maximum point is at the centre of the square; the minimum point is represented
by the four corners.

FEzample 1.3.8 It seems obvious that the least number of isolated critical points
of any function on S? is 2 (proof?). Example 1.3.1 provides such a function.
But what is least number of critical points of any function on the torus 727
In the case of a Morse function, we shall see later that the answer 1s 4. But if
arbitrary (smooth) functions are allowed, the answer is 3. (For an example, see
[56], Example 1, page 19).) O

1.4 Stable and unstable manifolds

Integral curves, or flow lines, may be assembled into the following important
objects:

Definition 1.4.1 Let M be a compact manifold, let f: M — R be a Morse
function, and let m be a eritical point of f. The stable manifold S(m) of m is
the set of points which flow ‘down’ to m, i.e.

S(m)={x e M | tlimtw‘:m}.
The unstable manifold U(m) of m is the set of points which flow ‘up’ to m, i.e.

Uim)={xe M| tlillnooﬁx:m}.

The next result can be proved from the Morse lemma.
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Proposition 1.4.2  Let the index of m be X. Then S(m),U(m) are homeo-
morphic (respectively) to R~ R*. O

It follows that a Morse function f on M provides two decompositions of M
into disjoint ‘cells’:

M= ) sSm = (J Um).

m critical m critical

We shall refer to these as the stable manifold decomposition and the unstable
manifold decomposition associated to f. Observe that the unstable manifold
decomposition associated to f i1s the same as the stable manifold decomposition
associated to —f.

By intersecting these two decompositions, we obtain a finer one, namely

M = U FOmi,ma),  Fmi,ms) = U(mi) 0 S(mo).

my,ms critical

This collects together the integral curves according to origin and destination:
F(my, msy) consists of all integral curves which go from m; to ma.

Ezample 1.4.3 Consider the Morse function of Example 1.3.1,on M = S?. The
stable manifold decomposition has two pieces, i.e. one copy of each of R? and
R2. The unstable manifold decomposition is similar. The intersection of these
decompositions has three pieces — two points and one copy of R% — {0}. (|

Frample 1.4.4 (Height functions on the torus, continued) Consider again the two
height functions on 72 from Examples 1.2.6 and 1.3.2. In each case there are four
unstable manifolds: a 0-cell, two 1-cells, and a 2-cell. The same is true for the
stable manifolds. However, the decompositions T? = Upny mo critical F (M1, m2)
are quite different. O

The behaviour of the stable and unstable manifolds is particularly nice if we
impose the condition that they intersect transversely:

Definition 1.4.5 A Morse function f: M — R on a Riemannian manifold M
is said to be a Morse-Smale function if U(my) is transverse to S(ma) for all
critical points my, mo of f.

For the meaning of transversality, we refer to Chapter 3 of [41] or Chapter 3 of
[40], or other texts on differential topology. This concept was introduced into
Morse theory by Smale — see [60], and the historical discussion in [12].
The transversality condition implies that U(my) N S(ms) is a manifold, and
that
codim U(my) N S(ms) = codim U(my) + codim S(ms)
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whenever U(my)NS(ms) is nonempty. Since F(my, ma) = U(m1)NS(msz), and
dimU(m;) = A;, we have

n—dimF(my,ma) = (n— A1) + Ao

and hence
dimF(ml,mz) = Al — Az.

In particular, if there exists a flow line from m; to ms, then we must have

AL > s

Frample 1.4.6 Of the two Morse functions on the torus in Example 1.2.6 (see
also Example 1.3.2), only one satisfies the Morse-Smale condition. (Which one?
Note that, by the previous paragraph, the existence of a flow line connecting two
critical points of the same index is not possible for a Morse-Smale function.) O

The concepts introduced so far will help us to address the question ‘what
configurations of critical points and flow lines are possible?” for a Morse (or
Morse-Smale) function on a given manifold M. This is a more precise version
of our original question ‘what kind of smooth functions are possible?’ on M.

Finally, we should mention that the behaviour of a smooth function is much
less predictable without the Morse condition, i.e. in the presence of degenerate
critical points. For example, critical points are not necessarily isolated, and flow
lines do not necessarily converge to critical points. For an example of the latter
phenomenon, see page 14 of [54].

2 Topology

Morse theory gives a fundamental relation between topology and analysis. This
is traditionally expressed by the ‘Morse inequalities’. We describe various forms
of this relation, and its generalizations.

2.1 Topology and analysis

The examples in §1 clearly suggest that there is a relation between the topology
of M and the critical point data of a function f: M — R. We list four specific
examples below, following [12]. In each case, topological information predicts
the existence of critical points of f.

(i) Tt is an elementary fact of topology that, if M is compact, then f has mawxi-
mum and minimum points, and these are critical points.

(ii) Assume that f has a finite number k of critical points (but is not necessarily
a Morse function). Then we still have M = U, citical S(m), and the S(m)
are a finite number of contractible sets (but not necessarily cells). Tt can be
shown that this implies the following cohomological condition: if m > k, then
the product of any m cohomology classes (of positive dimension) on M must
be zero. We shall not make any use of this idea, which is part of the theory of
Lyusternik-Schnirelmann category, so we refer to Lecture 2 of [12] for further
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information. However, we note that it gives a stronger version of the prediction
of (i): if M has i cohomology classes (of positive dimension) whose product is
nonzero, then any function on M must have at least i + 1 critical points.

For example, consider the torus T2. There are two one-dimensional cohomol-
ogy classes whose product is nonzero, so any function on 72 must have at least
3 critical points. Tt is not possible to find three cohomology classes (of positive
dimension) whose product is nonzero, so we cannot improve the estimate beyond
3. This 1s just as well, in view of Example 1.3.3.

(iii) The ‘Minimax Principle’ — see [12].

(iv) Finally we come to our main example, the Morse inequalities. We shall
consider this matter in detail later on, but the basic fact is easily stated: if f 1s
a Morse function on a compact manifold M, then the number of critical points
of index k 1s greater than or equal to the kth Betti number by of M. This is
a considerable generalization of (i), but in fact it is only a hint of the power of
Morse theory, as we shall see.

2.2 The main theorem of Morse theory

Recall from §1.4 that a Morse function f gives a decomposition

M= | Um)

m critical

of a compact manifold M, where U(m) is homeomorphic to R*» | X, being the
index of m. The main theorem of Morse theory gives information about how
these pieces fit together:

Theorem 2.2.1 Let M be a compact manifold, and let f: M — R be a Morse
function on M. Then M has the homotopy type of a cell complex, with one cell
of dimension X\ for each critical point of index .

To be precise, this theorem means that M is homotopy equivalent to a topolog-
ical space of the form

XT = ((DAI Ufl D>\2) Uf2 D>\3) Ufa e

where 0 = Ay, Ao, Az, ..., A, = m are the indices of the critical points of f (listed
in increasing order, with repetitions where necessary), and fi, fa, fs,..., fr—1 are
certain continuous ‘attaching maps’, with

fi 6D>\’+1 — X;.

To simplify the notation, we shall drop the parentheses in future and simply
write X, = DM Us, D?e Ug, oo Up, DA

In section 2.4 we sketch the main steps in the proof of this theorem. First,
however, we give some simple examples.
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Ezample 2.2.2 The height function on S defined by the illustrated embedding
of S' in R? has three local minima A, B, C' and three local maxima D, E, F.

We have S' ~ {A, B,C}U; D' U, D' Uy, D'. Each of the attaching maps f, g, h
is an injective map from {—1,1} to {4, B,C}. Contemplation of this example
suggests that one should be able to say more than ‘there is at least one minimum
point and at least one maximum point’. It seems plausible, for example, that
the number of local maxima must always be equal to the number of local minima
for this manifold. We shall soon see that this is correct (Corollary 2.3.2). a

Frample 2.2.3 The height function on S? defined by the illustrated embedding
of $? in R? has one local minimum, one critical point of index 1, and two local
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maxima.

We have S? ~ DUy D' U, D? Uy D?. Here, D°Us D' is a copy of S', and the
maps ¢, h serve to attach two hemispheres to this circle. a

Frample 2.2.4 (Height functions on the torus, continued) The two height func-
tions on 72 in Example 1.2.6 give two cell decompositions 7% ~ D° Uy D' U,
D'uj, D?, However, the attaching maps behave quite differently in each case, as
is clear from Examples 1.3.2 and 1.4.4. a

Theorem 2.2.1 does not tell us anything about the attaching maps, other
than the fact that they exist. This appears to be a serious deficiency. However,
we can deduce quite a lot of information on the topology of M — for example, the
Morse inequalities, which we discuss next — without knowing anything further.
In the above examples, it is intuitively obvious what the attaching maps are.

2.3 The Morse inequalities

Let f: M — IR be a Morse function, on a compact manifold M. The Morse
inequalities say that m; > b;, where m; is the number of critical points of
index 7, and b; is the ith Betti number of M, i.e. b; = dim H;(M). (We use
any homology theory with coefficients in a field.) In the case of T?, we have
by = by = 1 and by = 2, so a Morse function on 72 must have at least four
critical points. We have already given examples where this happens.
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In terms of the Morse polynomaial
M(t)y=" " mt’
1=0

and the Poincaré polynomial

P(t) = Zn: bit!
i=0

we may express the Morse inequalities symbolically as M (t) > P(t). Using this
convenient notation, there is a stronger form of the Morse inequalities:

Theorem 2.3.1 Let f: M — R be a Morse function, on a compact manifold
M. Then M(t) — P(t) = (1 + 6)Q(t), for some polynomial Q(t) such that
Q1) >0,

We shall sketch the proof in the next section. Before that, we give some simple
consequences and some examples. To begin with, we put ¢ = —1 in the theorem
to obtain an expression for the Euler characteristic of M :

Corollary 2.3.2 Let f: M — R be a Morse function, on a compact manifold
M. Then S0 o(~1)im; = S0y (~1);. 0

(This is a special case of the Hopf Index Theorem on vector fields, namely for
vector fields of the particular form Vf.)

Corollary 2.3.3 Let f: M — R be a Morse function, on a compact manifold
M. If M(t) contains only even powers of t, then M(t) = P(t).

Proof Assume that M(¢) contains only even powers of . Then M(t) > P(t) +
(1 +H)Q(t), so neither P(t) nor (14 t)Q(¢) can contain odd powers of ¢. But
this is possible only if Q(¢) is the zero polynomial. O

(Various generalizations of this result can be obtained by similar reasoning — the
basic principle is that a ‘gap’ in the sequence mg, my, mo, ... forces a relation
between M(t) and Q(¢). This is the ‘lacunary principle’ of Morse.)

Ezample 2.3.4 For our height functions on the torus T?, we have M(t) =
Pt)=1+2t+12. O

FExample 2.3.5 Let M = CP", i.e. n-dimensional complex projective space.
This may be defined as C*+! —{0}/C*, where C* acts by multiplication on each
coordinate of C*'. It may be identified with the space of all complex lines
in C"*!. The equivalence class of (zg,...,z,) will be denoted by the standard
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notation [zg;...;z,]. A Morse function f:CP"™ — R is given on page 26 of [47].
It may be defined by the formula

f(lz0, .- 2]) = ZCi|Zi|2/Z i

1=0

where ¢g < ... < ¢, are fixed real numbers. The critical points of f are the
coordinate axes Lo = [1;0;...;0], Ly =[0;1;...;0], ..., L, =[0;0;...;1]. The
index of L; is 2¢. Since all indices are even, Corollary 2.3.4 applies, and we
deduce that the Poincaré polynomial of CP" is 1+ t2 4+t 4 .. +¢2". a

It is already clear from these results and examples that Morse theory works
‘both ways”: (1) the homology groups of a manifold impose conditions on the
critical points of any Morse function, and (2) the critical point data of a Morse
function sometimes permits the computation of the homology groups.

If f: M — R is a Morse function such that M(¢) = P(t), we say that f is
perfect. The question naturally arises: does every compact manifold posess a
perfect Morse function? This matter is discussed in detail in [56]; the answer,
essentially, is negative. One reason is illustrated by the next example.

Frample 2.53.6 Let RIP® be n-dimensional real projective space, with n > 2.
Consider the function f:RP* — R defined by the formula of Example 2.3.5. Ts
this a Morse function? (Answer: yes.) Ts it a perfect Morse function? (Answer:
no, if the coefficient field is R ; yes, if the coefficient field is 7 /27.) O

2.4 Sketch proofs of the main theorems

Theorem 2.2.1 is a consequence of two fundamental results. Following [12] we
call these Theorem A and Theorem B. They describe how the structure of the
space

M'={me M| f(m) <t}
changes when ¢ changes.
Theorem A If f~!([a,b]) contains no critical point of f, then M? is diffeo-
morphic to M®.
The integral curves of (a slight modification of) —V f give the required diffeo-
morphism. See [47], pages 12-13.

Theorem B If f~!([a,b]) contains a single critical point of f, then M? is
homotopy equivalent to M® Uy D*, for some f:0D* — M®, where X\ is the
index of the critical point.
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The proof is given in [47], pages 14-19 (see also the ‘Proof by picture’ in [12],
pages 339-340). By Theorem A, it suffices to consider the situation in a small
neighbourhood of the critical point. The example f:R? — R f(z,y) = —22+y?,
in a neighbourhood of the critical point (0,0), is instructive.

To deduce Theorem 2.2.1 from Theorems A and B, an induction argument is
needed (see [47] again, pages 20-24).

There are various ways of proving (and expressing) the Morse inequalities, but
all of them are based on the fact that Theorem B allows us to compute the relative
homology groups H.(M? M?) (in the situation of Theorem B, H,(M® M%)
is isomorphic to the coefficient field when * = X and is zero otherwise). A
rather formal argument is given in [47], pages 28-31; the proof in [56] is perhaps
more transparent. Later expositions of the Morse inequalities and the necessary
background material may be found in Chapter 8 of [41] and Chapter 6 of [40],
for example.)

A more intuitive version of the proof of Theorem B appears in [12]; the idea
is to consider how the Morse and Poincaré polynomials M?(t), P%(t) of M®
change when we pass from a to b. Clearly we have

MP(t) = M(t) + t*.

For the Poincaré polynomial there are two possibilities, as the A-cell D* either
introduces a new homology class in dimension A or bounds a homology class
of M® in dimension A — 1. (More precisely, the connecting homomorphism
H)x(MY M%) — Hy_1(M*?) in the long exact homology sequence is either zero
or injective.) Thus we have

Pty = Po(t)+ (t* or —t*71).
We are interested in the difference M®(¢) — P%(t), and for this we have
MP(t) — P(t) = M°(t) — P(t) + (0 or t* + 1271y,

By induction, this gives the Morse inequalities in the form M?®(t) > P’(¢). Tt
also gives 1mmed1ately the stronger result M°(t) — P'(t) = (1 + t)Q(t) with

Q) = 0.

2.5 Generalization: Morse-Bott functions

Since Morse functions necessarily have isolated critical points, Morse theory
immediately disqualifies many ‘natural’ functions. Constant functions provide
trivial examples of this phenomenon, but there are many nontrivial ones, such as
functions which are equivariant with respect to the action of a Lie group — here
the orbit of a critical point consists entirely of critical points. We begin with a
simple example:

Ezample 2.5.1 Consider the sphere S? = {(z,y,2) | 22 +y? + 22 = 1}. Define
[:57 — R by f(x,y,2) = —2%. Tt is easy to verify that the critical points are
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(1) the north pole (0,0,1), (2) every point of the equator z = 0, and (3) the
south pole (0,0, —1). Tt is also easy to verify that (1) and (3) are nondegenerate
critical points of index zero. To understand what is happening at the equator,
let us choose local coordinates

(V1—=u?—v2 uv)— (u,v)

around the point (1,0,0). Then, with the notational conventions of §1, we have

fu,v) = —v? £(0,0) = 0.

Comparing this with the form of the Morse lemma, we see that degeneracy is
indicated here by the absence of +u”. Now, the u-direction is precisely the
direction of the equator, and along the equator f is constant, so degeneracy ‘in
the u-direction’ is inescapable. (If f: M — R is a smooth function and N is a
connected submanifold of M consisting of critical points of f, then f is constant
on N.) In the v-direction, however, we are in the situation of the Morse lemma.
The integral curves of —Vf (with respect to the standard induced metric on
the sphere) are easy to imagine in this situation, and we appear to have the
generalized cell decomposition

S? ~ (north pole Usouth pole) U, (equator x [— %, %])

where
¢:equator x {— %, %} — north pole U south pole

is the map which sends ‘equator x{— 1}’ to the south pole and ‘equator x {3}’
to the north pole. (If we use —f instead of f, the decomposition would involve
attaching the northern and southern hemispheres to the equator.) O

The generalization of Morse theory to such examples was developed by Bott
in [10]. This depends on the following definition:

Definition 2.5.2 Let V' be a connected submanifold of M, such that every
point of V' is a critical point of f: M — R. We say that V is a nondegenerate
critical manifold of f (or NDCM, for short) if, for every v € V., T,V is equal
to the null-space N, of the bilinear form (0% f/dx;0x;) on T, M.

With the hypotheses of the definition, it is obvious that T,V is contained in
Ny ; for an NDCM they are required to be equal. Since V is assumed to be
connected, each critical point v € V has the same index, and we refer to this
number as the index of V.

Definition 2.5.3 A function f: M — R is a Morse-Bott function if every
critical point of M belongs to a nondegenerate critical manifold.
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Any Morse function is a Morse-Bott function, of course. A Morse-Bott function
is a Morse function if and only if each NDCM is a single point.

Bott’s generalization of the main theorem of Morse theory is based on the
fact that each stable and unstable ‘cell’ has the structure of a vector bundle
over an NDCM (see [10]). In the above example, the unstable manifold of the
equator is in fact a trivial vector bundle (of rank 1), but in general the bundle
could be nontrivial. This vector bundle is usually called the negative bundle of

the NDCM.

Theorem 2.5.4 Let M be a compact manifold, and let f: M — R be a Morse-
Bott function on M. Then M has the homotopy type of a ‘cell-bundle complex’.
FEach nondegenerate critical manifold V' of index A contributes a cell-bundle

DMV of rank A, i.e. a fibre bundle over V with fibre D*. O

This means
M = D (Vi) Uy, D**(Va) Ug, DM(V3) Uy, ... Uy, DM (Vr)

where 0 = Ay, Ag, ..., Ar < m are the indices of the nondegenerate critical man-
ifolds Vi, Vo, ...,V of f,and fi, fo, f3,..., fr—1 are certain maps, with

fi:0DY+1 (Vigy) — DM (Vi) Uy, DX2(Va) Uy, ... Up,_, DM (V3).

(The boundary dD*(V) of a cell-bundle D*(V) is a sphere-bundle, i.e. a fibre
bundle over V with fibre S*~1.)

What would be an appropriate generalization of the Morse inequalities? Well,
the natural generalization of Theorem B of section 2.4 leads one to consider
the relative homology groups H.(D*(V),dD*(V)). By the Thom Isomorphism
Theorem we have

H.(DV),0DNV)) = H._»(V;0)
where 6 is the ‘orientation sheaf’ of the negative bundle. There are two com-
monly occurring situations where this orientation sheaf is constant: (1) if we use
homology with coefficients in the field 7 /27, then 0 = Z/27; (2) if M and V
are complex manifolds and the negative bundle is a complex vector bundle, then
0 = I is constant for any coefficient field F' (or even for integer coefficients). Tf
the negative bundle is trivial (as in Example 2.5.1), then 6 is certainly constant.

For notational simplicity we shall assume from now on that we are in the
favourable situation where 6 is constant, so that H*(DA(V), 6D>‘(V)) = H. (V).
Following the argument of section 2.4, we see that the contribution of V' to
the Poincaré polynomial is either t* PV (t) or —t*~1PV(t), where PV (t) is the
Poincaré polynomial of V. Let us define the Morse-Bott polynomial of f to be

MB(t) = ZT: PYi(t)th:.

Then the argument of section 2.4 gives the following analogue of Theorem 2.3.1,
which we refer to as the Morse-Bott inequalities:
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Theorem 2.5.5 Let f: M — R be a Morse-Bott function, on a compact man-
ifold M. Then MB(t) — P(t) = (1 +)Q(t), where Q(t) > 0. O

In particular we have M B(t) > P(t). The comments in section 2.3 on ‘gaps’
apply equally to this situation: if M B(#) contains no odd power of ¢, then
MB(t) = P(t), i.e. f is a perfect Morse-Bott function.

Constant functions are now (satisfyingly) incorporated into the theory, be-
cause a constant function on M has one NDCM, namely M itelf, of index zero,
and we have M B(t) = P(t). Somewhat more interesting are functions of the
form # of, where m: E — M 1is a fibre bundle and f: M — R is a Morse-Bott
function. Any function of this form is a Morse-Bott function; the NDCM’s are
of the form 7=1(V), where V is an NDCM of f, and the index of #=1(V) is
equal to the index of V.

Bott explains the following intuition behind Theorem 2.5.5: if a Morse-Bott
function is deformed slightly to give a Morse function, each NDCM V' of index
A breaks up into a finite set of isolated critical points, and for each Betti number
b; of V there are b; critical points of index 7+ A. In the case of Example 2.5.1,
the equator contributes tPSl(t) = t(1 +t), which is equivalent to having two
isolated critical points of indices 1,2. The way in which the equator can break
up into two isolated critical points is illustrated in the diagrams below:

Let us look at some further concrete examples.

FEzample 2.5.6 In Example 2.3.5 we examined the Morse function

f(lzo, -+ 2]) = ZCi|Zi|2/Z |2

1=0
on CP", where cg < ... < ¢,. If we allow arbitrary real numbers cg < ... < ¢y
then the same formula defines a Morse-Bott function. Regarding cg,..., ¢, as
the eigenvalues of a diagonal matrix C' = diag(co, ..., cn), we can describe the

NDCM’s as the submanifolds P(V4), ..., P(V;) of CP" | where Vi,..., V} are the

eigenspaces of C'. For example, in the extreme case where ¢g = 0, ¢y = ... =
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¢n = 1, we have two NDCM’s, namely

{[1;0;...;0]} = CP° (an isolated critical point)
{[0;%;...;%] | + € C} = CP" .

Clearly the isolated point is an absolute minimum point, so it has index zero.
The other NDCM consists of absolute maxima, so it has index 2 (i.e. dim CP" —
dim CP"~1). Hence the Morse-Bott polynomial is M B(t) = 1 +#2(1+2+.. .+
tz(”_l)). This is equal to the Poincaré polynomial of CP" | so we have a perfect
Morse-Bott function. (Tt is easy to see that, for any choice of ¢g < ... < ¢, we
obtain a perfect Morse-Bott function, in fact.) a

Ezample 2.5.7 Let us consider a new height function on the torus 72, defined
by the following embedding of T2 in R3:

There are two NDCM’s, each being a copy of S, with indices 0,1. If we tilt
this embedding slightly, we obtain one of our old Morse functions on 72 (which
one?). O

2.6 Generalization: noncompactness and singularities

For a Morse function on a noncompact manifold M, there are two immediate
difficulties. First, flow lines do not necessarily exist for all time (consider the
manifold obtained by removing a non-critical point from a compact manifold).
Second, even the flow lines which exist for all time do not necessarily converge
to critical points (consider the result of removing a critical point!).

If the function f: M — R is bounded below and proper, then the sets
=1 (=00, a] are compact, and there is essentially no difficulty in doing Morse the-
ory. For example, it is possible to construct Morse functions on CP™ = U,,5,CP"
by extending Example 2.3.5 in an obvious way. A more interesting example, per-
haps, 1s the example which was fundamental for Morse himself, namely the space
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of paths on a Riemannian manifold (see [47]). We shall say a little more about
infinite-dimensional examples such as these in §4.

Morse theory can be extended in another direction, to functions on singular
spaces. Different approaches can be found in [35], [42], and section 3.2 of [45].

2.7 Generalization: equivariant Morse theory

Let G be a compact Lie group acting (smoothly) on a compact manifold M.
Assume that f: M — R is G-equivariant, i.e. f(gm) = f(m) for all g € G,
m € M. Then, as we have already pointed out, f is unlikely to be a Morse
function as the G-orbit of any critical point consists entirely of critical points.
Morse-Bott theory is designed to cope with this kind of situation, but there 1s a
further extension of Morse-Bott theory which applies to equivariant functions.
The basic idea (see [4] and [12]) is that one would like to relate the Morse
theory of an equivariant Morse-Bott function f: M — R to the ‘Morse theory’ of
the induced map f: M/G — R. If G acts freely on M, then M/G is a compact
manifold and M — M/G is a locally trivial bundle, so such a relation exists
by the remarks following Theorem 2.5.4. But if the action of (G is not free, one
must find another way to ‘take account of the symmetry due to G’. The method
introduced by Atiyah and Bott is to replace M/G by the homotopy quotient

MJ/G =M xq EG

where FG — BG is a universal bundle for . The (contractible) space EG is
not a finite-dimensional manifold (if G is nontrivial), but it can be constructed
as a limit of compact manifolds (FG),, and f extends naturally to a function
on each compact manifold M xg (EG),. The following standard example ([4])
illustrates this construction.

Example 2.7.1 Let f be the height function on M = S? as in Example 1.3.1,
and let G = S' act on S? by ‘rotation about the vertical axis’. Thus, the
two critical points are i1solated orbits, and all other orbits are circles. Clearly
ordinary Morse theory does not work on the quotient space S?/S! = [—1,1], so
we consider instead
S5%//ST = 8t w1 S% = Jim 5% x g1 St

Now, $? xg1 S?"*+1 is a manifold on which (the extension of) f has two non-
degenerate critical manifolds, each homeomorphic to {point} x g1 S?7+! = CP”.
The indices of these NDCM’s are 0 and 2, and so we have a perfect Morse-Bott
function with Morse-Bott polynomial

A+ )P0+ 4+,

Taking the limit n — oo, we obtain the Poincaré polynomial of S2//St as
(14 1%) Zi>0t2i (conveniently abbreviated as (14 ¢%)/(1 —t?)). This agrees
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with the well known fact that S?//ST is homotopy equivalent to CP* Vv CP*.
The Poincaré polynomial of S? x g1 .S??*! could also be obtained by using the
fact that S? xg1 S?"*! is a bundle over CP” with fibre S?; if we choose any
perfect Morse function on CP” then we obtain a perfect Morse-Bott function on
5% x g1 S?m+1 by the remarks following Theorem 2.5.4. a

The next instructive example is also taken from [4].

Example 2.7.2 Let f:5? — R be the function —z? of Example 2.5.1. This
Morse-Bott function is not perfect, and neither is the extended Morse-Bott func-
tion on S? xg1 S??*1. The NDCM’s of the latter are

{point} x g1 SZn+1
{equator} x g1 S?7+!
{point} x g1 SZn+1

CP"™  (index 2)
S+l (index 0)
CP"™  (index 2)

1R 1R

so the Morse-Bott polynomial 1s

O+ 22 (L2 4+ 17,

which has a superfluous term ¢>?+'. But as n — oo, the effect of this term

disappears, and we obtain a perfect ‘Morse-Bott function’ on S?//S*. (|

In general, a G-equivariant Morse-Bott function f: M — IR is converted by
the above procedure into a ‘Morse-Bott function” on M//G; each NDCM N in
M of index A is converted into an NDCM N//G of index A. Atiyah and Bott
give a criterion for the new Morse-Bott function to be perfect (even when f is
not), the ‘Self-Completion Principle’.

It is important to understand what this extension of Morse theory does not
do: it does not give additional information about the homology groups of M,
but rather about those of the (much larger) auxiliary space M//G.

Sometimes it is useful to associate a smaller auxiliary space to the original
Morse-theoretic data, especially when dealing with infinite-dimensional mani-
folds. One example of this i1s provided by the space of ‘broken geodesics’ in
Morse’s original application to the space M = QX of closed smooth paths on
a manifold X, or (analogously) the space of ‘algebraic loops” when X is a Lie
group (see [57]). Another famous example is due to Floer ([24]).

In all of these situations, one may regard the homology groups of the auxil-
iary construction as generalized homology groups of the original space M ; from
equivariant Morse theory one obtains equivariant homology groups, and from
Floer’s theory Floer homology groups.

In the case of equivariant homology, it is, roughly speaking, the coefficient
ring that is being generalized, from H*(point) to H*(BG). The equivariant
(co)homology groups HE (M) are defined by HA(M) = H*(M//G). This is a
module over the ring H (point) = H*(B(), but it is not in general isomorphic to
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the free module H*(M)® H*(BG); indeed, it is the H*(BG)-module structure
(and the multiplicative structure) of H} (M) which reflects the nature of the
action of G on M.

A second lesson from equivariant Morse theory is that one can sometimes ‘do
Morse theory without a Morse function’: the space M//G is not a manifold in
general, yet we have constructed a Morse-Bott polynomial and the Morse-Bott
inequalities are satisfied.

3 Morse functions on Grassmannians

We examine in detail a special but very important example, namely the Morse
theory of a family of functions on the complex Grassmannian manifold Gry,(C").
Our main tool is an explicit formula for the integral curves. This will give
information on the homology and cohomology of G'r(C"), and on the behaviour
of its Schubert subvarieties.

3.1 Morse functions on Grassmannians

The (complex) Grassmannian
Gri(C") = {complex k-dimensional linear subspaces of C"}

provides a good ‘test case’ for the theory of the previous two sections. In addition,
Gri(C") is an important manifold which appears in many parts of mathematics.
We shall study it in detail in this section.

To produce a ‘nice’ real-valued function on Gry(C"), we use the embedding

Gri(C*) C  SkewHerm, = {n x n complex matrices A | A* = —A4}
V — /=1lay

where 7y : " — " denotes ‘orthogonal projection on V'’ with respect to the
standard Hermitian inner product on C"’. The (real) vector space SkewHerm,,
has an inner product {{ , )}, defined by ({A, B)) = trace AB* = —trace AB.
We can obtain real-valued functions on Gr;(C") by taking height functions with
respect to this embedding. Specifically, we shall choose real numbers aq, ..., a,
and consider the function

[ Grp(CY) =R, Vi ({ /=17y, /=1 D)) = trace iy D

where D = diag(ay, ..., a,) denotes the diagonal matrix whose diagonal entries
are ai,...,dn.
In the special case k =1 (so that Grp(C*) = Cpn_l), we may write

Z1
V=| : | =[]ecp!
Zn
and we have
zz*
Ty =
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So our real-valued function f:CP"™' — R is given by

f(=) = Zailzz'lz/z 2]

1=0

This is our old friend from Example 2.3.5.
Let V; = Ce;, i.e. the line spanned by the ¢th basis vector of C”. We shall
prove:

Theorem 3.1.1 Assume that ay > ... > a, = 0. Then f is a perfect Morse
function. An element V of Gri(C") is a critical point of f if and only if
V=Vi,®...aV, forsomeiy,...;ip with1<i1<...<ip<n.

One way (and indeed the conventional way) to prove this theorem would be by
direct calculation, using a local chart. We shall take a slightly different point
of view here, by concentrating on the integral curves of —V f. Remarkably,
there is an ezplicit formula for these integral curves, which greatly simplifies the
Morse-theoretic analysis of f:

Lemma 3.1.2  The integral curve v of =V f through a point V € Grp(C") is
given by y(t) = diag(e= %t ... eV = 7PV,

Remark Tt follows immediately from this lemma that the critical points of f
are the special k-planes V3 =V, ... V4, , as stated in the above theorem.

Proof Tt is easy to verify that the tangent space of Gri(C") is given as a
subspace of SkewHerm,, by

Ty Gry(C*) = {T = T* | T € Hom(V, V1)},

and that the orthogonal projection of any X € SkewHerm, on this tangent
space 18 7TvX7T‘J/‘ —|—7T‘J/‘X7TV . Since f 1s the restriction of the linear function X +—
({X, v/=1 D)) on SkewHerm,, , the gradient V fy is the projection of /=1 D on
Ty Gr(C"), so we have

—Vfy =—+v/-1 (7TvD7T‘J/' + T‘J}Dﬂ'v).

(This formula shows that V' is a critical point of f if and only if DV C V,
DV+ C V2 e if and only if V is of the form V;, @ ... @ V;, .)

To find 4(t), we first write e~*P = U, P;, where U, is unitary and P, is an
invertible complex n x n matrix such that P,V = V (such a factorization may
be accomplished by the Gram-Schmidt orthogonalization process). Using this
we have

’y(t) = % —1.7T€—tDV = d%\/__lﬂ-UtV. = %\/—_1 Utﬂ'vUt_l
V=T1{Uay U = Uy UTTU U

VAUAUT Ueny — mp U U UTY

VA ULrE U Uy — oy U7 WU YU
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From the identity

d —tD —tD\—1 __ d -1
—Dza(e )™ _E(UtPt)(UtPt)

we find that Ut_lUt = —Ut_lDUt — PtP_l. From the fact that P,V = V we
have T‘J/‘Ptﬂ'v = 0 and hence

0= T‘J}Ptﬂ'v = T‘J/'Ptpt_lﬂ'v.
Combining these we obtain
e U Uy = —n U7 DUy
so the first term of $(t) is
V=1 Ut(—ﬂ"J/'Ut_lDUﬂTv)Ut_l = —/-1 ﬂ'étvDﬂ'Utv,

which agrees with the first term of —V [ ).
To deal with the second term of 4(¢), we use the factorization e~ =
(e7'PY = P}U; = QU where Q; = P;. From the identity

i d

) — (,—tD
D=(e ) o

d
(e7'7) = UtQt_la(Qthl)

we find that U, = Q7'Qi + U7'DU,. Since @Vt = VL, we obtain
TvQ; Qs = 0. Hence the second term of ¥(t) is

—V A U(ny U7 DU ) U = —/=1 7y, Dgsy,

and this agrees with the second term of =V f, (. a

The lemma allows us to identify the stable and unstable manifolds. We begin
with the case k = 1. Observe that

* 0
e—alt 0
lim 1]l=1|1]=v,.
t— 00 e—ant 0
L 0 = L 0 =

Hence the stable manifold S, of V,, contains all points of the form

[¥---%10---0]".
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As u varies from 1 to n, such points account for all of CP" ™' — so we deduce

that
*

2
R
-
R
K

with * € C

Similarly we have

=
I
I
q

:

with * € C

*

It is clear from this description that S, and U, meet tranversally at V,,, and that
f must be a Morse function. Finally, since the stable and unstable manifolds
are even-dimensional, f is perfect.

We use similar notation in the case of Grip(C") for general k. First, we
represent the critical point Vi, =V, & ... 6 Vi, by an n x k matrix:

; 1
Vau, Ve | =
: 1
Then we observe that
-y .
et % 1
tlir& 1 =
e~ ant ) 1
*
1
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But any n x k& matrix may be brought into the ‘echelon form’

i . 1
*
1
*
1

by ‘column operations’, so we have found the stable manifold Sy, of V4.

Now, an element of S, may be represented by more than one matrix in
echelon form. To obtain a unique representation, we should bring the matrix
into ‘reduced echelon form’, so that it looks (for example) like this:

—_
—_— O ¥ ¥

OO = ¥ OO ¥ ¥

It follows that

(up — D)+ (u2—2)+ (us —3)+ ...+ (up — k)
= ioiui = gk(k+1)

dimg Sy

(and Sy may be identified with a complex vector space — or cell — of this dimen-
sion).
There is a similar description of the unstable manifold U,,. We have

—aqt *k 1

t——00
e—ant : 1




Morse Theory in the 1990’s 27

from which we obtain a description of U, of the form

* ¥ O ¥ O =
* ¥ O ¥ =
* ¥ = O

This is diffeomorphic to a complex vector space whose dimension 1s

dimelUy = (n—(u1—1)—-k)+(n—(ua—D)—(k=1)+...4+(n—(up —1)—=1)

= k(n—Fk)—dimgSa
= dimg Gri(C") — dimg Sy.

This identification of the stable and unstable manifolds leads to a proof of
Theorem 3.1.1 for general k, as in the case & = 1. Note that the indices of the
critical points are twice the complex dimensions of the unstable manifolds.
Remark From Lemma 3.1.2, we see that the integral curves of —V f ‘preserve’
the submanifold Gry (R™) of Giry(C™). In fact, the above analysis works equally
well for the restriction of f to Gry(R™).

There 1s an interesting group-theoretic interpretation of S, and U,. The
group GL,C of invertible complex n X n matrices acts naturally on Gry(C")
(by multiplying a column vector on the left). We have the usual exponential
map 2 3

exp: gl,C — GL,C, Xr—>I—|—£—|—X——|—X—

1! 2! 3!
where gl,C denotes the Lie algebra of GL,C, i.e. the vector space of all n x n
complex matrices. With this notation we see that S, consists of k-planes of the

form

+ ...

exp

DD DD DO OO OO
DO DO OO OO
DO DO OO OO

DD DD DO OO OO
DO DO OO OO

OO R, OO O oo

OO OO O = OO
OO OO, O OO

OO OO OO ¥ ¥
OO OO OO ¥ ¥
O OO OO ¥ ¥

0 0 0

Thus, Sy = {(exp X)Vu | X € ny}, where ny is a nilpotent Lie subalgebra of
gl,C. This means that Sy is the orbit Vi, under the corresponding Lie group
Ny . (Note that exp X = I+ X here.) In fact, since the isotropy subgroups are
trivial, Sy can be identified with the Lie group N, or its Lie algebra n, . There
is an analogous description of Uy, .
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The action of A = diag(e™®", ... e~*") (which gives the integral curves of
—V[) is easy to express in term of the Lie algebra ny,. For X € ny, we have

Alexp X)Va Afexp X)ATLAV,
= A(exp X)A~'V, (as Vj is fixed by A)

(exp AXA™V,.

The map X — AXA~! has the effect of multiplying the (7, j)th entry of X by

6_(al_aj)t .

3.2 Morse-Bott functions on Grassmannians

By relaxing the condition a; > ... >a, >0 to a1 > ... > a, > 0, we obtain a
Morse-Bott function on Gr(C"). To investigate this, we introduce the notation

C"=F&.. .05

for the eigenspace decomposition of D = diag(ai,...,a,). We write b; for the
eigenvalue on Fj;. Thus, the distinct a;s are by > ... > b;.

Theorem 3.2.1 Assume that a1 > ... > ay, > 0. Then [ is a perfect Morse-
Bott function. An element V' of Gri(C") is a critical point of f if and only
f V=VNE &...aVNE, i.e. if and only if V is spanned by eigenvectors
of D = diag(ay,...,an). The NDCM containing such a V is diffeomorphic to
Gre,(Fr) x ... x Gre,(Fp) where ¢; = dimgV N E;.

It may seem unnecessary to introduce Morse-Bott functions in a situation like
this, where we already have a good supply of Morse functions. However, we shall
see later that the special properties of Morse-Bott functions can be extremely
useful.

To prove the theorem, and to identify the stable and unstable manifolds, we
use the explicit formula for the integral curves of —V f which was given earlier.
(The derivation of that formula is clearly valid for arbitrary real ay, ..., a,.) We
shall just sketch the main points here.

First, it is immediate from the form of the integral curves that the critical
points are as stated in the theorem. Note that every Vj, is certainly a critical
point of f, but these are not the only critical points; the others are obtained by
taking the orbits of the V3, ’s under the product of unitary groups U(F1) x ... x
U(E)).

Let us now try to identify the stable manifold of a critical point V;,. Each
NDCM contains at least one point of this form. Moreover, since the nega-
tive bundles turn out to be homogeneous vector bundles on the NDCM M,, ==
Gri,(F1) x ... x Gry,(F;), the stable manifold of 1, will determine the entire
negative bundle.

Let g be the Morse function on Gry(C") corresponding to distinct real num-
bers ¢; > ... > ¢, > 0, as in the previous section. The stable manifold S},
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of Vi for f is related to the stable manifold S¢ of V, for g, as we shall illus-
trate by considering the case of Gr3(C®), with by = a1 = a3 = a3 = a4 and
by = a5 = ag = ay = ag. Recall that the stable manifold of V,;, = V3 & V4 & Vs
(for example) for ¢ is obtained by considering integral curves of the form:

—cqt

—cgt

e £ ok %
e~ 2t * kK

e~cat 1 0 0

e~ cal 0 1 0

e~cst *

e~cel 1

et 0

0

€

The NDCM M,, is diffeomorphic to Gra(C*) x Gri(C*). Let us consider the
integral curves of —V f through the points of S%:

e—blt

* ok %
et k ko ok
e bt 1 0 0
e~ bt 0 1 0
e b2t *
e b2t 1
e b2t 0
e b2t 0

Clearly these integral curves do not necessarily approach V4, as ¢ — oo; but they
do if we set the components denoted below by # equal to zero:

#OF
# O
10
0 1

co—~H oo % %

Thus, we have identified a 2-dimensional cell in S}, which is contained in S%. It
can be shown that this cell is precisely S. In general, the procedure by which
we identify S as a subspace of S is that we delete those coordinates which
correspond to the NDCM M, . Tt is possible to give a more systematic description
of these stable (and unstable) manifolds, as orbits of certain subgroups of GL,,C.

3.3 Homology groups of Grassmannians

In section 3.1 we described a perfect Morse function f: Gri(C*) — R. Tt follows
that the homology groups of Gri(C™) may be read off from the Morse polynomial
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of f. For k = 1 this is easy, but for general k it is a little harder. In this section
we shall carry out the calculation, in two quite different ways.

Recall that f has (Z) critical points, namely the k-planes V, =V, & ... P
Vi, where 1 < uy < ... < up < n. From 3.2 the (complex) dimension of the
stable manifold S, is Zle(ui — 1), so the index of V4, as a critical point of —f
is 250 (u;j — ).

If we define

k
as = {u | (=) = d}]

then the Morse polynomial of —f is M(t) = 5, aqt?®. Our task, therefore,
1s to calculate aq.
There is a one to one correspondence between

k
{(ur, ) [ T<u < oo<up <ny > (ug — i) = d}

S
—_

and

Thus, a4 is equal to ‘the number of partitions of d into at most k integers, where
each such integer is at most n — k’. Unfortunately there is no simple formula for
aq, but there is a formula for the generating function G(t) = 3,5, agt? (and
this is exactly what we want, since M (t) = G(t?)).

Before stating this formula, we recall the well known fact that, if b; denotes
the number of (unrestricted) partitions of d, then

q_ 1
2 bt = AT E I E)

a0

This means that b4 is equal to the coefficient of ¢? in the formal expansion of

the right hand side. The formula for G(¢) is:
Proposition 3.3.1 The generating function G(t) = Zd>0 agt? is given by

(1 — = kEDy (1 —n=h42) (1 —¢7)

G(t) = (A=) —12).. (1=t

This 1s a purely combinatorial statement, which may be proved directly. How-
ever, we shall give an indirect proof, by making use of a Morse-Bott function on
Gri(C™). In doing so, we shall find a simple inductive formula for G(¢) as well.
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Let ¢: Gri(C") — R be the Morse-Bott function corresponding to the choice
of real numbers

ap =1, as=...=a, =0.
Amongst the non-constant Morse-Bott functions of section 3.2, this is the ‘crud-
est’, in the sense that it that it has the least number of critical manifolds. (Morse
functions are at the opposite extreme; they have the largest number of critical

manifolds.)
From Theorem 3.2.1, the critical manifolds are as follows:

Mpar = {VEGn(C)|V=ViaW,WCVia.. &V} = Gr(C7)
Mpin = {VeEGn(C)|VCVad...&Vo} = Grp(C'1).

The unstable manifold of M,,,, must be the complement of M,,;, , so the index
of Myar for g is 2(dim Gr(C*) — dim Grp_1(C*~1)), i.e. 2(n — k). The index

of Min is of course zero. So the Morse-Bott polynomial of ¢ is
MB(t) = Py p_1(t) + 7" M Py i (1)

where P; ;(t) denotes the Poincaré polynomial of Gr;(CV).
Since ¢ is a perfect Morse-Bott function, this gives an inductive formula for

Pyn(t) = MB(t):

Proposition 3.3.2 The Poincaré polynomial Py ,(t) of Gry(C") satisfies the
relation

Pk,n(t) = Pk,n—l(t) + tz(n_k)Pk—l,n—l(t)~
O

For example: Ps 4(t) = Pos(t) +t*Pis(t) = (1 + 42 + %) + 141 + 12 + %) =
T+ t2+ 26" +16 448,

We can also use this to give a proof of Proposition 3.3.1, which is equivalent
to the following slightly more symmetrical statement:

Proposition 3.3.3 The Poincaré polynomial Py »(t) of Gry(C") is given by

[T, (1 =)

Pk,”(t): A % n_k o
[Tiza (T =) [Tizy (1 = 2%)

Proof Denote the right hand side by By ,(t). It is easy to verify that this
satisfies the same recurrence relation as Py n(t), i.e. Byn(t) = Brpn-1(t) +
tz(”_k)Bk_lyn_l(t). Since the recurrence relation determines By »(t) or Py (%)
inductively, and these agree when &k = 1, they must be equal. a
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3.4 Schubert varieties

In section 3.1 we described explicitly the stable manifold Sy, of a critical point

Va=Vu, ...V, of a Morse function f:Gri(C") — R. Tt has the form

—_
— O ¥ ¥

€ Gry(C") | xeC

O O = ¥ OO ¥ ¥

From 3.1 it is clear that such V are characterized geometrically by the fol-
lowing conditions:

0 if1g<ig<uy—1
dmV AC = 1 ifup <i<us—1
koifup<ign
In other words, we have

Su={V € Gri(C*) | dimV N C = dimVyN T for all i}.

The condition on dimV N is called a ‘Schubert condition’. It can be specified
either by listing v; = dimV N C' | i.e.

VI =...=0y-1=0, 0y, =...=vym1 =1, ..., vy, =...=v,=k
or, more economically, by listing those 7 such that dimVNC' = dimVNC~ +1,
le.

U, U2,y...,UL.
The k-tuple u = (uy,...,uy) is referred to as a ‘Schubert symbol’, and the set

Su 1s called the ‘Schubert cell” associated to u.

Similarly, the unstable manifold U,, is characterized by these conditions:

0 ifl<i<n—ug
dime(Cﬂ_i)J_: 1 fn—up+1<i<n—up_y

ko ifn—u+1<i<n

Ezample 3.4.1 For the Morse function f : Gra(C*) — R (of section 3.1), there
are 6 Schubert cells. We give the matrix representations below, followed by the
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sequence dimV NC,...,dimV NC*, the Schubert symbol, and the dimension of

the cell.

0,0,1,2

O = ¥ ¥
—_— O ¥ ¥

0,1,1,2

O O = ¥
— ¥ O ¥

0,1,2,2

o O = ¥
O = O ¥

1,1,1,2

bl bl bl

OO O =
— ¥ ¥ O

1,1,2,2

bl bl bl

o O O =
O = ®x O

1,2,2,2

bl bl bl

o OO =
o O = O

(3,4)

dimeg = 4
dimg = 3
dimg = 2
dimg = 2
dimeg =1
dimg =0

It follows that the Poincaré polynomial of Gra(C*) is 142 4+ 2t* +¢5 445, O

Definition 3.4.2 The Schubert variety Xy associated to the Schubert symbol

u is the closure of Sy (with respect to the usual topology of Gri(C")), i.e.

Xu=Su={VeGr(C") | dmVnC > v foralli}.

Tt is easy to show that X3, is an algebraic subvariety of Gr,(C™) (see section 3.5).
This subvariety may have singularities. For example, in the case of Gra(C*), we

have

Xy ={V € Gro(C) | dimV N C* > 1}
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(the v;s are given by (v1,va, v3,v4) = (0,1,1,2), but the conditions dimV NC >
0, dimV NC® > 1, dimV NC* > 2 are automatically® satisfied). The point
V = (C? is a singular point of X(2,4), but X34y — {C?} is smooth, having the
structure of a fibre bundle over CP! with fibre CP? — {point}.

Observe that

X(2,4) = S(2,4) U S(2,3) U S1,4) U S(1,3) U a2y

It is clear from the definition that, in general, X, is a disjoint union of Schubert
cells. This gives rise to a partial order on the set of Schubert symbols: we define
u; < usp if and only if §u1 D Su, -

In the case of Gro(C*), this partial order is represented in the following dia-
grams. The second diagram indicates the conditions which define the Schubert
varieties.

(1,2) V=C?
| |
(1,3) ccvce
/ AN
(2,3) (1,4) Vce ccv
AN / AN
(2,4) dimV AC? > 1
| |
(3,4) no condition

Although the partial order is a simple consequence of the definition of Schubert
variety, it provides nontrivial information on the behaviour of the flow lines of
—V f. Namely, the condition u; < uy 18 equivalent to the existence of a flow
line y(t) from uy to uy, i.e. such that limi— _ oo ¥(t) = Vigy, limi oo ¥(2) = Vay,
(This is not immediately obvious from the condition Sy, D Su,, but it does
follow from the geometrical description of Sy, N Uy, .)

We shall return to Schubert varieties in section 3.6, when we discuss the co-
homology ring of a Grassmannian, so we conclude this section with some further
remarks.

First, since the flow lines of —V f ‘preserve’ the Schubert variety X,,, we de-
duce that Xy inherits a decomposition into (possibly singular) ‘stable manifolds’
(or ‘unstable manifolds’).

Second, although the Morse function f depends on a choice of real numbers
ai; > ...> ay,, the Schubert varieties are independent of this choice. In fact they

3Tf V, W are linear subspaces of C" of dimensions k,[ respectively, then we have W/W N
VW4 V/V, and hence dmW NV + dim(W + V) =k + 1.
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depend solely on the standard ‘flag’
cccrc...ccr,

or on the standard ordered basis ey,...,e, of C*. If ay,...,a, are arbitrary
distinct real numbers, we obtain a similar Morse function, possibly corresponding
to a re-ordering of ey,...,e,. More generally still, any choice of orthonormal
basis, or equivalently any flag, corresponds to a similar Morse function. The
formula for such a function is obtained by replacing the diagonal matrix A by
UAU™! where U is a unitary matrix.

There is a geometrical description of the stable manifolds of the Morse-Bott
functions considered in section 3.2, i.e. where the real numbers ay > ... > a, are
not necessarily distinct. We state the result without proof (as the easiest proof
depends on the more general theory of §4). Recall that the critical manifolds are
denoted M, , and that each such NDCM contains at least one point of the form
Va. The stable manifold S, of My, i.e. the union of the stable manifolds of all
points of My, is then given by:

Su={VeGr(C") | dmVN(E1®.. &F;) =dimVunN(E1®...¢F;) for all i},

where Fi, ..., E; are the eigenspaces of diag(ay, ..., a,) as in section 3.2. Thus,
in this case, the Schubert ‘cells’ (or rather, Schubert cell-bundles) depend only
on the ‘partial flag’

E'CE®E,C..CE¢.. dE =C".

Conversely, as in the case of the Morse functions discussed earlier, any partial
flag determines a Morse-Bott function on Gry(C").

The Schubert cell-bundles (or their NDCMs) are parametrized by [-tuples
(c1,...,¢) of non-negative integers with ¢; < dimE; and ¢1 + ...+ ¢; = k;
namely ¢; = dimV,; N E; . We consider (e1,...,¢;) to be a ‘generalized Schubert
symbol’. The bundle projection map S, — M, is given explicitly by

Vr—>(V<1),...,V(l)) EGTCI(El) X ... X GTCI(EI)
where
Vin=VNnEi@®..0E+E®.. @F ./ Ei®...®F_.

The integers w; = ¢1 4+ ...+ ¢;, ¢ = 1,...,1, are analogous to the integers
v; in the case of a Morse function. In terms of these integers, the Schubert

cell-bundle S, is
Su={V €Gri(C") | dimV N (E1 @ ... ® E;) = w; for all i},

By taking the closure of a Schubert cell-bundle, we obtain a generalized Schubert
variety, namely

Xu=Su={VeGr(C") | dmVNE &...® F; > w; for all i}.
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One of the advantages of having these explicit descriptions of Schubert cell-
bundles 1s that we can compute easily the indices of the critical points; we shall
give two examples below.

FEzample 3.4.3 Let us choose the partial flag C C C”. This corresponds to a
Morse-Bott function on Gri(C") with a1 > as = ... = a,. We have already
considered such a function in section 3.3; there are two critical manifolds. The
stable manifold of the maximum NDCM is just that NDCM, and the stable
manifold of the minimum NDCM is the complement of the maximum NDCM.

The eigenspace decomposition of C” is given by Fy = C, Fy = C* | and the

bl

generalized Schubert symbols are (¢g,c1) = (1,4 —1) and (cg,c1) = (0,k). O

Ezample 3.4.4 Consider the Morse-Bott function on CP° = Gr(C") given by
a1 = ay = 2, a3 = ag = a5 = 1, ag = a7 = 0. In this case the eigenspace
decomposition of €7 is given by

C=FE@E, 0, Ei=VioV,E=VaVioVs E=Vd k.

We list below the generalized Schubert symbols, followed by the NDCM, and
then the Schubert cell-bundle.

(COaclaCZ) = (1a0a0)a Mu = ]p(El)a Su = ]p(El)
(60,61,62) = (0, 1,0), Mu = ]P)(Ez), Su = ]p(El@Ez) —]P)(El)
(60,61,62) = (0,0,1), Mu = ]P)(Eg), Su = ]p(El@Ez @Eg) —]p(El@Ez)

In particular, the Morse indices (for the function —f) are 0,4,10 respectively,
and the Morse-Bott polynomial is t°(1 +¢2) +#*(1 +¢% +¢*) +¢1°(1 4 ¢2). This
is equal to the Poincaré polynomial of CP°® as expected. (|

3.5 Morse theory of the Pliicker embedding

There is a well known embedding
Gry(C*) — CPY, N = (Z) —1

called the Plucker embedding. It i1s defined by
V= APV C AP = oV

If e1,..., e, are the standard basis vectors of €7 then the vectors ey = ey, A
oo Ney, with 1 <ug < ... <wup < n constitute a basis of AT

Let f:Grp(C") — R be the Morse-Bott function defined by certain real
numbers ay, ..., a,, as in section 3.2. Then by Lemma 3.1.2 the one parameter
diffeomorphism group of the vector field —V f is induced by the action

t Z/\Zel = Zx\ie_m’ei
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of Ron C.

This action is the restriction of the action

t- Z Aufu = Z/\ue—t(au1+...+auk)eu

of R on A*C?. But this action is the one parameter diffeomorphism group of
the vector field =V F, where F: CPY — R is the Morse-Bott function defined by
the (Z) real numbers a,, +...+ay, . We conclude that the Morse-Bott theory of
f on Gri(C") is just the ‘restriction’ of the (much simpler!) Morse-Bott theory
of FF on CP":

Proposition 3.5.1 Let My, Sy, Xu denote the NDCM’s, Schubert cell-bundles,
and generalized Schubert varieties for the Morse-Bott function f:Gry(C") —R.
Let MF SE XE denote the corresponding objects for the Morse-Bott function

F:CPY — R. Then we have My = Gri(CHYNME, Sy = Gri(C*)N SE, and
Xu C Grip(Cryn X, O
Observe that it is possible to choose the real numbers ay, ..., a, so that both f

and F' are Morse functions. But it may happen that f is a Morse function even
when F' is not.
The spaces ML, SE XTI are determined by an eigenspace decomposition

C"H' =Fio.. .0k

in the usual way. Using this notation, the NDCM’s of F" are the linear subspaces
P(F;), and the stable manifold of P(E;) is given explicitly as a bundle over P(FE;)
by
P(Fo®..®FE)—P(Ey®...® FEi_q).

The projection map to ]P)(EZ) sends a line L in Ey @ @ E; to the line L +
Eo®..®F,_1in Bg®.. ®FE;, | Ea®d.. DE;_1 =E;.

The associated Schubert variety, i.e. the closure of this stable manifold, is
just R R

P(Fo®...® E;),

which is a linear subspace of CPY . Although X, is not necessarily equal to the
intersection of this space with Gry(C"), it is in fact true that X is given by
the intersection of some linear subspace with Grp(C"). This follows from the
fact that

Su=Gri(C)y N P(Ee®..®E)-P(E®...®FE;i_)

(as some of the linear equations defining ]P(Eo D...PH EZ) in C"*! may become
dependent in the presence of the equations defining Gry(C")).

The fact that the Pliucker embedding is compatible with the natural Morse-
Bott functions on Gry(C") and cpv may be explained group-theoretically. The
key point is that the Plicker embedding is induced by an irreducible representa-
tion U, — Un41. However, it seems technically easier to work with the explicit
formulae for the flow lines, as we have done in this section.
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3.6 Cohomology of the Grassmannian, and the Schubert calculus

In this section we consider only Morse functions on Gry(C").

From a Schubert symbol w = (uy,...,u;) we obtain a cell Sy in Gri(C")
of (real) dimension QZle(ui —4). By the Morse inequalities for the coef-
ficient group 7 (or by standard theory of cellular homology) it follows that
H. (Gry(C");7) is a free abelian group with one generator for each Schubert
cell. Let z, be the homology class represented by? X,,. Both z, and X, are
referred to as ‘Schubert cycles’.

By Poincaré Duality we obtain a dual cohomology class z, of dimension
2k(n—k)—2 Zle(ui —4). Thus, dimz, = codim zy,.

An example of particular interest is the generator of H?(Gry(C");Z) = 7Z;
this corresponds to the unique codimension one Schubert cycle, i.e. to the Schu-
bert symbol (n —k,n —k+2,...,n— 1,n). The Schubert conditions here are

dmVNC=...=dimVnNnC* 1 =0, dimVNC~* =1, ..., dimV NC* =k,

and the Schubert variety is characterized by the single condition dim VNC*~* >
1. Tn terms of the Pliicker embedding (see section 3.5), we have

X(n—k,n—k+2,...,n—1,n) = Grk(@) nH

where P(H) is the Schubert variety for the critical point Vi,_p A Vop_ppa AL A
Va1 AV, in cpV . Now, since a3 > ... > an, we have a, + ...+ ap_jp41 >
n + ... 4+ ap_jy2+ an_p > ..., 80 H is the hyperplane in CN+1 orthogonal to
Vack+1 A AVa_1 AV, Tt is well known that the cohomology class dual to P(H)
is a generator of HZ(@PN;Z), so we deduce that the induced homomorphism
HZ(@PN; 7Z)— H?*(Gry(C");Z) is an isomorphism.

The muliplicative behaviour of H*(Gr,(C");7Z) is equivalent to the behaviour
of the intersections of generic representatives of homology classes (we shall make
a more precise statement shortly). As a first step towards describing this, we
shall need a slight generalization of Schubert varieties.

In section 3.4 we pointed out that the definition of the Schubert varieties
X, depends only on the choice of the standard flag C C C2 C ... C C". If we
choose a new flag F; C Fy C ... C F,, = (", denoted by F', then we obtain new
objects SI XF 2F" »I defined in exactly the same way as Sy, Xu, Zu, 2u, but
using the new flag instead of the standard flag. Since any two flags are related by
P =y and 2 = 2,.
So we may regard the Schubert cycles X as a family of representatives for the
homology class z,, parametrized by the space of all flags.

For example, consider the ‘opposite’ flag

an element of the unitary group U, , however, we have z

(C (@)t ot oo

* The precise meaning of this is explained in Appendix B of [30].
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let us denote the Schubert varieties with respect to this flag by X;,. It is easy
to check that

Xu

T

where u*=(n—up+1,n—ur_1+1,...,n—u; +1). Thus, both Sy and Uye
are representatives of the same homology class z,.
We now state a special case of an important general principle (see Appendix

B of [30]):

Theorem 3.6.1 If zy and zy are Schubgrt cycles with dimzy + dimz, =
dim Gri(C?), then the product zgzy € HIMG(C)(Gr(CV);Z) = 7 of the
corresponding cohomology classes 1s equal to the intersection number of Xy and
Xy - O

This intersection number is equal to the number of points (counted with multi-
plicities) in X1 N XI= whenever XI' N X2 is a finite set.

FErample 3.6.2 For any u, we have zyzye = 1. This is because the dual ho-
mology classes are represented by S, and U, respectively, and these intersect
at precisely one point, namely the critical point V. (Of course, these homology
classes may also be represented by Sy, and Sye. But this is of no interest to us
as these cycles intersect at infinitely many points.) To see that the multiplicity
of the intersection point is 1, one can use the Plucker embedding — it follows
from our discussion in section 3.5 that the multiplicity of any i1solated point of
intersection of two Schubert varieties is precisely 1, since we are just taking the

intersection of linear subspaces in CPV . a
More generally, we have:

Proposition 3.6.3 If x, and xy are Schubert cycles with dim zy + dim z, =

dim Gri(C"), then
1 ifu=v°
Zuly = }
0 otherwise

Proof We have just seen that zyzyc = 1. To show that X,,N X, = 0 if v # u®,
one may use the geometrical characterization of X, and X, — we omit the
details. O

This proposition 1s a manifestation of Poincaré Duality, and it allows us to
determine the products zyzy for arbitrary u,v. For we may express zyzy Iin
terms of the additive Schubert basis as

ZuZy = @1%u, + ...+ Ay Zu,y
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for some integers aq, ..., a,, where dim z, +dim z, = dim Zug;) for each 7. Then
we obtain a; by multiplying the above expression by ug,

Tuiviug, = G
(all other products vanish, by Proposition 3.6.3). Thus, we have to calculate all
triple products zyzy zyw such that dim zy+dim zy +dim zw = dim Gri(C"). The-
orem 3.6.1 generalizes to this situation, so we have to calculate the corresponding
triple intersections of Schubert varieties.

FEzample 3.6.4 We shall carry out the calculation of some triple products for
Gro(Ch), and hence determine the multiplicative structure of H*(Grq(C*);Z).
First we list the additive generators:

2(374) € HO

2(274) € H2
Z(1,4), %(2,3) € H:

2(173) € H

1= 2(172) S HS
Proposition 3.6.3 gives the following products:
2(2,4)%(1,3) = #(1,4)%(1,4) = #(2,3)%(2,3) = L 2(1,4)%(2,3) = 0.

Let us now try to compute (1 4)%(2,4)2(2,4)- We must find suitably generic rep-
resenting cycles X' for these classes, by choosing suitably generic flags F.

For z(5 4y we need two modifications of the standard representative
X240y ={V € Gro(CY) | dimV N C* > 1}.
We shall choose the flags

F':  ViCVieViCVieaVaaV,CC?
F'  VaCVedViCViaVeadVyCC?

The corresponding cycles are:

Xlpay = {VEGHC)|dmVnVieV,>1}
Xty = {VEGHT)|dmVnvia V> 1}

For z(1 4) we shall choose the flag
F": VaCVad VaC Vi Vo Vs CC!

1.e. we choose

Xy ={V eary(C) | V5 CV}.
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It may now be verified that
X(/2,4) N X(//2,4) N X(//1/,4) ={Va3 @ Vy}

i.e. a single point. As in Example 3.6.2, we can see that the multiplicity of this
point is 1. So we conclude that z(1 4)2(2,4)%(2,4) = 1. Exactly the same argument
gives 2(273)2(274)2(274) =1.

The remaining (double) products in H*(Gry(C*); Z) are

Ho,4)%(2,4) = 0223+ bz1,9
2(1,4)%(2,4) = €Z(1,3)
2(2,3)%(2,4) = dZ(1,3)~

Using the two triple products which we have just calculated, we find that a =
b=c=d=1. O

The same method works for H*(Gry(C");7Z), although this situation is of
course more complicated. There are famous general formulae for the multiplica-
tive structure, which constitute the ‘Schubert calculus’. An elementary approach
to these formulae and their traditional applications can be found in [43]; other
versions can be found in [36], [39], and [30].

From the theory of Chern classes, there is a well known ‘closed formula’ for
the ring structure of H*(Gryp(C");7Z), namely

Z[Cl,...,cn_k,dl,...,dk]
(I+er+ . Aepp)(I+di+...+dy)=1

where ¢;,d; € H?(Gri(C*);Z). (This is explained in detail in §23 of [15];
another good reference is [49].) Tt may be checked that this agrees with our de-
scription in the case of Gira(C*). The dual of cohomology class d; is represented
by the Schubert variety Xy, withu=(n—k,n—k+1,....n—k+i—1,n—k+
i+1,...,n—1,n); these are called ‘special Schubert varieties’. The cohomology
class corresponding to a general Schubert variety is more complicated to describe
(see [7] and [30]).

Viewing the cohomology ring of a manifold M as a collection of triple inter-
section numbers of (representatives of ) homology classes is in fact a useful idea.
The equivariant cohomology ring HY (M) (see section 2.7) may be described in
terms of H*(BG)-valued triple intersections. Quantum cohomology (see section
4.4) appears in a similar way.

3.7 Next steps

We have now covered the ‘classical’ aspects of Morse theory, and in §4 we shall
turn to more recent developments. As motivation for this, we mention here a
couple of points which arise from our study of Grassmannians.

An immediate question is: when can the cohomology ring be determined di-
rectly from a Morse function? Tt is a well known limitation of classical Morse
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theory that the Morse inequalities give information only about the additive struc-
ture of the cohomology ring. However, we have seen that the cohomology ring
of Gri(C") can be found from explicit knowledge of the stable manifolds of a
suitable Morse function. Was this just a special trick, or is there perhaps a more
general theory which works for Morse functions on arbitrary compact manifolds?

A slightly more subtle (but related) question concerns the possible configu-
rations of flow lines of a Morse function. We saw in §2 that the possible con-
figurations of critical points of a Morse function f: M — R are limited by the
topology of M. For example, it is not possible to have a Morse function on
S x S' with precisely three critical points whose indices are 0,1 and 2. In the
same way, it 18 not possible to have arbitrary configurations of flow lines con-
necting the critical points. The question arises as to how these configurations of
flow lines are restricted.

These questions may be answered (for certain kinds of manifolds, at least) by
generalizing Morse theory in a new way: instead of considering a single Morse
function, we consider several. Indeed, when we computed triple products of co-
homology classes in section 3.6, we were in fact making use of three ‘independent’
Morse functions on Gry(C"). The general theory underlying this calculation is
what we shall study next.

4 Morse theory in the 1990’s

We describe several recent applications of Morse theory, in which the gradient
flow lines play a fundamental role. Although the level of discussion will be
somewhat more advanced in this section, the case of a complex Grassmannian
should be kept in mind as a typical example. We begin by discussing Morse
functions which arise from torus actions on Kahler manifolds; these functions,
which include the functions on Grassmannians in §3, have the crucial property
that their gradient flow lines are explicitly identifiable. Then we describe the
‘new’ approach to Morse theory, due to Witten. After that we present the ‘field-
theoretic’” Morse theory of Cohen-Jones-Segal, Betz-Cohen, and Fukaya.

4.1 Morse functions generated by torus actions

In §1 and §2 we gave a review of the ‘classical’ Morse theory, and then in §3
we illustrated this in detail for a particular example. We shall now focus on
some contemporary aspects, which show that the power of Morse theory goes far
beyond the computation of homology groups. Our starting point is an important
family of examples which includes the Morse and Morse-Bott functions of §3.

Let T2 S"x...xS" be atorus, and let M be a simply-connected connected
compact Kahler manifold. Assume that the group 7' acts on M, and that this
action preserves the complex structure J and the Kahler 2-form w of M. It
follows that the action also preserves the Kahler metric { , ), as the latter is
given by w(A, B) = (A, JB).

Let t denote the Lie algebra of T'. Let X € t be any generator of the torus;
this means that 7" is the closure of its (not necessarily closed) subgroup exp RX .
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The formula

d
X} = 7 ©XP tX - mli=o
defines a vector field X* on M.

Since M is simply connected, and w(X*, ) is a closed 1-form, there is a
function fX : M — R such that df* = w(X*, ). We shall see that f*X is a
perfect Morse-Bott function, with particularly nice properties. Observe that we
have

VX =TJX",
from the formula (VX A) = dfX (A) = w(X*, A) = —(JX*, A).

Theorem 4.1.1 ([25]) For any generator X of t, the function fX is a perfect
Morse-Bott function on M. The critical points of fX are the fized points of the

T -action, and they form a finite number of totally geodesic Kahler submanifolds
of M.

Sketch of the proof The fact that the critical points of fX are the fixed points
of T follows from the formula —V fX = JX*.

Let m be a fixed point of T'. Then there is an induced action of the Lie
group 7', and hence also of the Lie algebra t, on the vector space T, M. This
means that we have a Lie group homomorphism ©,, : T'— GI(T,,, M) and a Lie
algebra homomorphism 6,,: t — End (T, M).

Since T acts by isometries (i.e. the action of T preserves the metric), O, (1)
is an orthogonal transformation, and 6,,(X) a skew-symmetric transformation,
for each t € T', X € t. As T is abelian, we may put these transformations si-
multaneously into canonical form. This means that there exists a decomposition

T-M=VodVidd...®V,

_ 0 Wy
Vi — —w; 0

for nontrivial linear functionals wq, ..., w, on t. Note that the subspaces V; for
¢ > 0 are not uniquely determined in general, and that the linear functionals w;
are determined only up to sign.

By considering geodesics through m (see [44]), it can be shown that the
connected component of the fixed point set of T containing m 1s a submanifold
of M — the geodesics through m in the direction of V4 give a local chart (via
the exponential map). This argument also shows that the submanifold is totally
geodesic, with tangent space Vy at m.

Up to this point, we have used only the fact that the action of T" preserves the
metric. Since T preserves the complex structure, J commutes with the linear
transformations ©,,(t) and 0,,,(¢). We may therefore choose the decomposition
so that J preserves each subspace V. It follows that each connected component

such that |y, =0 and
0
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of the fixed point set of T is actually a Kahler manifold, and that (for i > 0)

we may write
0 1
vi = i( ~1 0 )

An additional consequence of the existence of J 1s that each V; acquires a natural
orientation, and so the linear functionals w; are now determined uniquely (for a
given choice of subspaces V.

We now turn to the computation of the Hessian H of fX. In section 1.2
we gave a definition in terms of local coordinates, but this is equivalent to the
following more invariant definition (see page 4 of [47]). For any vectors VW €
T M , we have

J

H(V,W) = VW (f*)(m) = Vdf* (W)(m)

where V, W are any extensions of V, W to local vector fields on M. We therefore
have H(V,W) = IN/w(X*, W)(m) = IN/oz(X*)(m), where o = —iw (and ¢
denotes interior product). With a suitable choice of the extensions V, W, the
well known formula for do shows that H(V, W) = —w(W, [f/, X*]).

From the definition of @, it follows that #(X)V = [V, X*],,. Hence we obtain
the formula

H(V,W) = (W, =JO(X)V).

On each V; with ¢ > 0, it follows that H 1s equal to the inner product times the
nontrivial linear functional w;. Hence the Hessian 1s nondegenerate on a space
complementary to Vj, i.e. fX is a Morse-Bott function.

The index of the Hessian at a critical point m is even, being twice the number
of w;’s such that w;(m) < 0. This implies that the Morse-Bott function fX is
perfect, and so the proof of Theorem 4.1.1 is complete. O

The linear functionals wq, ..., w, on t which appear in this proof are called
the (nonzero) weights of the action of T' at the fixed point m. Theorem 4.1.1
generalizes to the case of a symplectic manifold, as was pointed out in [25]. We
shall not need this extra generality, and in fact we shall make essential use of
the complex structure J, so we shall only consider Kahler manifolds here.

The formula —VfX = JX* leads to a geometrical description of the flow
lines of —V fX | as we shall explain next.

Lemma 4.1.2 The action of T = S' x ... x S" on M extends to an action
of the complezified torus TC = C* x ... x C* on M. The vector /=1 X € t©
generates the vector field JX*, ie. (/=1 X)* = JX*. The flow line v of
—V X passing through m € M is given by the action of the subgroup /=1 RX ,
i.e. y(t) = exp /=1tX -m.

Sketch of the proof The extension of the action is guaranteed by the fact

that T preserves the complex structure of M (see [2]). A direct construction
of the extension may be given by using the integral curves of JX*. The fact
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that (/=1 X)* = JX* follows (tautologically) from this, as does the required
description of the flow line ~. d

Thus, the flow lines of the gradient vector field associated to the action of T
are given by the action of a subgroup of the larger group TC. Conversely,
whenever an ‘algebraic torus’ C* x ... xC* acts complex analytically on a compact
Kahler manifold then we obtain both a Morse-Bott function and its gradient
flow in the above manner. Many manifolds do admit such actions, for example
the Grassmannian Gry(C") (which is acted upon naturally by the group of
diagonal matrices with nonzero complex diagonal entries). This provides a simple
explanation of the rather tricky calculation of Lemma 3.1.2, by means of which
we identified the gradient flow lines for the height functions. It suffices to assume
that the action of C* x ... x C* preserves the complex structure, because an
St x ... x Sl-invariant Kahler metric can be obtained by averaging the given
Kihler metric over the (compact) group S x ... x St.

We shall now address a question which lies at the heart of Morse theory: how
are the gradient flow lines of a Morse function f: M — R arranged within M ?
For example, which pairs of critical points are connected by a flow line? And by
how many flow lines? These questions can answered by explicit computation of
stable and unstable manifoldsin the case of a height function on a Grassmannian,
as we did in §3, but in general no such computation will be possible. Our main
theme from now on will be to consider this question for Morse-Bott functions
FX associated to torus actions.

From the lemma it follows that the behaviour of the flow lines is related to
the geometrical properties of the various orbits of the group 7C. If M is an
algebraic Kihler manifold, and the action of T is algebraic (as we shall assume
from now on), the closures of such orbits are special algebraic varieties called toric
varieties.® In general toric varieties have singularities, but they are particularly
amenable to study (see [50] and [31]) because they may be characterized by
purely combinatorial objects, called ‘fans’. Now, in the Kahler situation at least,
the fan is equivalent to a more familiar combinatorial object, namely a convex
polyhedron in Euclidean space. The next theorem describes this polyhedron.

Before stating the theorem, we need to introduce the moment map associated
to the action of T on M . This is the map

M —
which is determined up to an additive constant by the condition
du( (V) =w(¥", )

for all Y € t. The definition of this map comes from symplectic geometry and
classical mechanics, but it has a straightforward Morse-theoretic interpretation:

5 This is essentially the definition of a toric variety.
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p( )(Y) is the Morse-Bott function f¥ associated to the sub-torus of 7' which
is generated by Y.

The fact that our Morse-Bott function fX is not alone, but is accompanied by
a whole family of Morse-Bott functions f¥ parametrized by Y € t, is significant.
The moment map p assembles these Morse-Bott functions into a single vector-
valued function.

Theorem 4.1.3 ([2; 38]) Let Oy, denote the closure in M of the orbit of m
under TC, i.e. O =TC -m. Then: (i) w(Om) is the convex hull of the finite
set {u(m) € t* | m is a critical point of fX}, (ii) the inverse image (under p)
of each open face of u(Op) is a single TC-orbit in O,,, and (iii) p induces
a homeomorphism Op /T — p(Op) (although the action of T on Oy, is not
necessarily free).

Proof See Theorem 2 of [2]. O

The simplest nontrivial example of this theorem 1s given by the action of C*
on CP'(= 5?) by u-[20; 1] = [uz0; 21]. The corresponding Morse-Bott function
fX:S5? — R is a height function, and there are two isolated critical points: the
maximum point and the minimum point. We have fX = y in this situation,
and f*(S?) is obviously the line segment joining the maximum and minimum
values.

We are specifically interested in the stable and unstable manifolds of fX  and
their intersections. Theorem 4.1.3 leads to the following information about these
spaces. For simplicity we shall assume that M is actually a smooth projective
variety, i.e. an algebraic submanifold of some complex projective space, with
the induced Kahler structure. Furthermore we assume that 7C acts on M by
projective transformations. From the method of section 3.5 we can then deduce
that the closures of the stable and unstable manifolds of our Morse functions are
irreducible algebraic subvarieties.

Theorem 4.1.4 ([46]) Assume that M is a smooth projective variety, and that
TC acts on M by projective transformations. Let V be an irreducible algebraic
subvariety of M which is preserved by the action of T. Then u(V) is the
conver hull of the finite set {u(m) € t* | m is a critical point of f* in V}.

Sketch of the proof Let Py, ..., Ps be the distinct images under p of the critical
points of fX which lie in V. (This is necessarily a finite set, as f* is constant
on any connected critical submanifold.) For any one-dimensional subalgebra RY
of t, the image of the continuous function f¥|y is a closed finite interval in R
(as V is connected). Moreover, since TC preserves V, the ends of this interval
(i.e. the maximum and minimum values of f¥) are of the form fY (5), f¥ (P;),
for some 4, j. But f¥ = 7y o, where my:t* — R is given by evaluation at Y.
Tt follows that p(V') is contained in the convex hull of Py,..., P;.

Conversely, we must show that any point of this polyhedron is contained in
u(V). Let P; P;, denote the ‘exterior’ points of the polyhedron. For each

13
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i;, choose some Y; € t such that the function fYily has P;, as its absolute
minimum value, occurring on a critical set V;, where V; = V N M; for some
connected component AM; of the fixed point set of TC on M. (This may be done
by choosing a ‘generic’ Y; such that P;; is the closest point of the polyhedron
to the linear functional (Y;, ), where {, } is an invariant inner product on t.)

Let S]V =V NS;, where S; is the stable manifold of M; (for f¥7). Since
TC preserves V, S]V is the stable ‘manifold’ of V; (for f¥i|y ). Now, the stable
manifold decomposition of M induces a decomposition of V. The closure (in
V') of each piece of this decomposition is a subvariety of V', and precisely one
such closure must be equal to V since V is irreducible. Denote this piece by
V' NS, where S is the corresponding stable manifold in M (for i ).

We claim that S = S;. (This would be obvious if V' were a smooth subvari-
ety.) Assume that S and S; are not equal, so that SN.S; = 0. Then the closure
of VNS in V is disjoint from V NS}, since the closure of S in M is disjoint
from S;. However this contradicts the defining property of V' N S.

It follows that the complement of S; in V is a subvariety of positive codi-

mension. The complement of the intersection of all such S; (for j=1,...,t)is
therefore also a subvariety of positive codimension; in particular this intersection
is nonempty. For any point v of the intersection, we have P;,,..., P, € TC - v,

because of the description of the flow lines as orbits of subgroups of 7C. Hence
w(V'), which contains p(7TC -v), must contain the convex hull of Py, ..., P, by
Theorem 4.1.3. a

The case V = M was stated and proved as one of the main theorems of [2],[38].
Although the proofs given there were direct, the possibility of deducing the result
from Theorem 4.1.3 was in fact mentioned in [2]. Various special cases of this
result (e.g. when V is a Schubert variety) were already known — we refer to
[2],[38] for further information.

Theorem 4.1.4 suggests the possibility that the behaviour of the gradient flow
lines of f may be encoded by combinatorial information within the polyhedron
u(M). We shall investigate this phenomenon, starting with the familiar case of
height functions on Grassmannians from §3. Initial work in this direction was
done in [33], where some of the results of [2], [38] were anticipated in the case of
a Grassmannian.

Let M = Grp(C") and let T, be the group of diagonal n x n matrices
whose diagonal entries are complex numbers of unit length, and let T be its
complexification, i.e. the group of diagonal n x n matrices with nonzero complex
diagonal entries. We have a natural action of T}, (or T) on M. The vector
X = /=1 (ai,...,a,) in the Lie algebra t, is a generator of T, if and only if
R(ay,...,a,)NZ" = {0}, i.e. the line through (a,...,a,) has ‘irrational slope’.

From the above general theory, any choice of (ai,...,a,) gives rise to (1)
an action of T (the sub-torus of T,, generated by ¥V = /=1 (a1,...,a,)), and
(2) a Morse-Bott function f¥, whose critical points are the fixed points of 7.
From Lemma 3.1.2 we see that this function is (up to an additive constant) the
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height function on Gr,(C") defined in §3. The fixed points of T" are of course
the k-planes which can be spanned by eigenvalues of diag(ay, ..., a,).
From the formula for fX in section 3.1, it follows that the moment map is
given explicitly by
u(V) = diagonal part of my.
(We identify t* with t = R"™ by using the (restriction of the) standard Hermitian
product on C".) In particular,

ﬂ(vu) = Cu,

where ey = €y, + ...+ ey, (and e; denotes the ith basis vector of C"). Since
every critical manifold of fX contains at least one point of the form V4, the
images of the critical points of fX under p are precisely the points e,. Hence
the general theory gives

u(Gri(C")) = convex hull of {ey =€y, + ...+ ey, | 1 <up < ... <up < nt.

Frample 4.1.5 Let k =1, so that Gry(C") = CP™~'. In this case the formula
for fX in section 3.1 shows that the moment map is given even more explicitly

by
u(l2) = (|=l?, -, Iznlz)/z |2

Tt follows immediately from this formula that g(CP™"~') is the convex hull of the
basis vectors ey, ..., e, . Since the (closures of the) stable and unstable manifolds
of fX are respectively of the form [*;...;%;0;...;0] and [0;...;0;%;...;%] (see
section 3.1), their images under p are also clear. For example, in the diagram
below, we illustrate the images under p of the closures of the stable manifolds
of Vi, Vo, Va, for a Morse function fX:CP? — .

(1,0,0) (1,0,0) (1,0,0)

\ \
,’ \ \
F \ A Y
’ \ )
’ \ \
A \

(0,1,0) (0,1,0) (0,0,1)

In fact, for CP"~', all assertions of Theorems 4.1.3 and 4.1.4 may be verified
directly, from the formula for pu. a
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FEzample 4.1.6 Let us consider what the general theory says in the case of
Gro(C*). We have already investigated this space in some detail in §3 (starting
with Example 3.4.1). The image of u is the convex hull of the six points e; +¢;
in R* (with 1 <7 < j <4). It may be verified that this polyhedron is a regular
octahedron.

(1,1,0,0)

(0,0,1,1)

The heavy lines represent the partial order shown in the diagram following Def-
inition 3.4.2. Combining the calculations of the stable manifolds in §3 with the
statement of Theorem 4.1.4, we see that the image under p of the closure of the
stable manifold of a critical point V,, 1s the convex hull of those vertices which
are greater than or equal to e, in this partial order.

With a little more work, it is possible to verify the predictions of Theorem
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4.1.3 in this case. First it is necessary to identify the various possible types of
the closures of the orbits of the group (C*)*, to which Theorem 4.1.3 will apply.
Zero-dimensional orbits, 1.e. points, correspond to the vertices of the octahedron.
One-dimensional orbits (necessarily isomorphic to @Pl) correspond to the edges.
Two-dimensional orbits are of two types: copies of CP?, which correspond to
faces, and copies of CP' x CP', which correspond to squares spanned by sets of
four coplanar vertices. Finally, there are two types of three-dimensional orbits,
whose images under p are either half of the octahedron or the entire octahedron.
The first type is represented by the Schubert variety X (s 4) (see section 3.4), and
the second by the famous ‘tetrahedral complex’ (see [33]). O

Returning to the general case of Gry(C"), we mention that the partial order
on the critical points of fX:Gr,(C") — R (or equivalently, on the vertices of
the polyhedron) may be specified purely algebraically, in terms of the action of
the symmetric group ¥,, (the Weyl group of GL,C). This is explained in [2].

In [34] and [32], a detailed study is made of the various sub-polyhedra of
#(Gri(C™)) which arise from Schubert varieties associated to the Morse func-
tions fX and their intersections. These are characterized in terms of the com-
binatorial concept of a matroid.

By representing the stable and unstable manifolds of the function fX as
sub-polyhedra of the polyhedron p(M), we have in principle solved the problem
of understanding the behaviour of the flow lines of —V fX . The practical value
of this solution depends on being able to extract this information in an efficient
manner, and this may not always be possible. However, there are two general
situations where reasonably explicit results may be expected, namely for gener-
alized flag manifolds and for toric manifolds. The essential phenomenon in both
these situations is that there exists an orbit of the complex algebraic torus TC
whose closure contains all critical points of the Morse functions associated to the
torus action. We shall call this kind of TC-action a complete torus action.

FEzample 4.1.7 A generalized flag manifold is by definition the quotient of a
complex semisimple Lie group G by a parabolic subgroup P. Height functions
on generalized flag manifolds — generalizing the Morse functions on Grassman-
nians in §3 — were first studied by Bott (see [11] and the article of Bott in [1]).
Such functions are associated to torus actions (namely a maximal torus of G(C)
in the manner described at the beginning of this section. The index and, in the
case of a Morse-Bott function, the nullity of a critical point may be computed in
terms of the weights of the torus action (i.e. in terms of the roots of G*). Each
stable or unstable manifold is an orbit of a certain subgroup of GC, as in the case
GC®/P = Gri(C"). Indeed the decomposition of G®/P into stable (or unstable)
manifolds coincides with the well known ‘Bruhat decomposition’ of GC/P, a
fact which was proved in [55] as well as in various later papers (e.g. [2]). A brief
summary of this theory may be found in the Appendix of [37]. The image of the
moment map for the action of a maximal torus on a generalized flag manifold
was worked out in [2], generalizing earlier work of Kostant. The polyhedron
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can be described (see [34]) as the convex hull of the weights of an irreducible
representation of (; it is well known that GC/P is the projectivized orbit of the
maximal weight vector of a suitable representation (the generalized Pliicker em-
bedding). Schubert varieties in generalized flag manifolds have been extensively
studied from the point of view of Lie theory and algebraic geometry (see [39]
for an introduction and further references). The sub-polyhedra obtained by tak-
ing the images of (various intersections of ) Schubert varieties in generalized flag
manifolds have been characterized in combinatorial terms in [34], generalizing
the results mentioned earlier for Grassmannians. The homology classes repre-
sented by Schubert varieties have also been investigated thoroughly. In [7] these
homology classes are related to the well known description of the cohomology
ring due to Borel, by making use of the generalized Plucker embedding. A brief
explanation of the latter work can be found in [59]. O

FEzample 4.1.8 From the general theory of toric varieties, it is well known that a
(smooth) toric variety with a Kahler metric is entirely determined by the image
of its moment mapping. In particular, the behaviour of the flow lines of a Morse-
Bott function associated to the given torus action is represented faithfully in the
momentum polyhedron. Various geometrical and topological invariants of such
manifolds have been computed explicitly in terms of this polyhedron; details can
be found in [50] and [31] (see also [5] and [20]). There are relations between this
and the previous example, as one may consider the toric varieties obtained as
the closures of the orbits of a maximal torus of G¢ acting on G®/P. These are
singular varieties, in general; they have been studied in [34] and later in [23],

[19], and [16]. O

We shall now change our point of view slightly by focusing on the family
of Morse-Bott functions f¥ (parametrized by Y € t), rather than the single
Morse function fX (corresponding to a generator X of t). This theme will
reach maturity in section 4.3, so as motivation for this we shall consider again
the problem of computing the cohomology ring H*(Gra(C*)) (cf. section 3.6).

Theorem 4.1.4 gives a representation of the (image under p of the) Schu-
bert variety V = XY for the Morse function f¥:Gri(C?) — R. Namely, the
image under g of V' is the convex hull of those points e, such that V, € V.
This representation also applies to the (irreducible components of the) variety
V = X?;ll Nn...N X?;)’j In section 3.6 we saw that the problem of calculating
products in cohomology can in principle be reduced to the problem of calculat-
ing intersections of (pairs or) triples of Schubert varieties X?;ll N X?;; N XK; ‘In
principle’ means® ‘providing that all necessary triple intersections are transverse’.

6 It can be shown that all intersections are indeed transverse, by using the fact that the stable
manifolds are orbits of certain subgroups of GL,C; see [45]. This is not quite enough, for we
must show in addition that there exist sufficiently many representatives of all cohomology
classes. This will be obvious in the examples we consider, however.
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To be more precise, we need to find all zero-dimensional triple intersections. By
Theorem 4.1.4 (or by the Pliicker embedding argument of section 3.6), such an
intersection either consists of a single point or is empty. To determine which
is the case, we just need to know which cohomology classes are represented by
which sub-polyhedra of p(Gry(C")). Let us consider two examples, CP? and
GT2(©4 ) .

Frample 4.1.9 The cohomology ring H*(@Pz) has additive generators in di-
mensions 0, 2, and 4; let us denote these respectively by 1, A, and B. They
are dual to the fundamental homology classes of the Schubert varieties for a fixed
Morse function f¥. By varying Y in t, we arrive at the following representation
of these cohomology classes on the triangular region /1(@?2):

B

The structure of the cohomology ring H*(@Pz) is determined completely by the
product A%, and from the diagram the intersection number of the dual Schubert
varieties is 1. Hence A? = 1B = B, as expected. a
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Ezample §.1.10 The cohomology ring H*(Gr2(C")) has the six additive gen-
erators described in section 3.6. These are represented on the octahedron of
Example 4.1.6 as follows:

Z(3,4) € HY : the octahedron
Z(2,4) € H? . the half octahedra
Z(1,4)s %(2,3) € H* - alternate faces
Z1,3) € HO the edges
Z(1,2) € HS the vertices

In the diagram below, the (four) faces which represent the cohomology class
%(2,3) are shaded.

It is now a simple matter to read off all zero-dimensional double and triple
intersections. For example, z(14)%(2,4)2(2,4) is represented by the intersection
of two half octahedra and a face. Any such intersection giwving a finite number
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of points gives precisely one point. So the product is equal to the generator of
H® — as we found by a much more laborious calculation in Example 3.6.4. By
contemplating the above diagram we can determine the entire cohomology ring

of Grqy(CH)! |

To end this section, we emphasize two advantages of having a Morse-Bott
function which is associated to a torus action. First, having a group action has
computational advantages, as we have seen in the description of the gradient flow
and the identification of the index (and nullity) of a critical point. Second, the
torus action gives more than a single Morse-Bott function; it gives a whole family
of related Morse-Bott functions, and this family can give more information than
one of its members (as in the above calculation of the cohomology ring).

Additional comments (May, 2000): The theory of equivariant cohomology
provides an algebraic explanation for the success of the above method of com-
puting H*(M) from a (complete) torus action (see M. Goresky, R. Kottwitz,
and R. MacPherson, Fquiwvariant cohomology, Koszul duality, and the localiza-
tion theorem, Invent. Math. 131 (1998), 25-83). The equivariant cohomology
ring H;(M) (see section 2.7) is in this case isomorphic as a module over H*(BT)
to the tensor product H*(M)® H*(BT). The localization theorem for equivari-
ant cohomology expresses products of equivariant cohomology classes in terms
of the fixed point data of the torus action (this is another manifestation of Morse
theory). As a result, it is possible to describe H*(M) explicitly as a quotient of
a polynomial ring, in terms of this data.

4.2 The Witten complex

In view of the importance of the gradient flow lines of a Morse function, it is
perhaps not surprising that the basic theorems of Morse theory may be devel-
oped entirely from this point of view. In fact, much stronger results (than the
traditional ‘Morse inequalities’) are possible, as we shall see in this section and
the next one.

In this section we consider the goal of computing the homology groups of a
manifold M. Traditionally, this is possible only for a perfect Morse function.
However, if we assume that f: M — R is a Morse-Smale function (i.e. the stable
and unstable manifolds of f intersect transversely, as in Definition 1.4.5), then
the homology may be calculated whether f is perfect or not. This method
became widely understood only in the 1980’s, through the work of Witten and
Floer (see [66] and [24]). Tt is easy to describe: one constructs a certain chain
complex of abelian groups, the ‘Witten complex’, whose homology groups turn
out to be the homology groups of M .

Let us assume first that M is oriented. The abelian groups are defined in
terms of the critical points of the Morse-Smale function f by

C; = free abelian group on the set of critical points of index 1.

(Since f is a Morse function and M is compact, the groups C; have finite rank.)
The boundary operators d;: C; — C;_1 are defined in terms of the gradient flow
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lines of =V f as follows. Let m be a critical point of f of index 7 (i.e. a generator

of C;). Then
i(m) = e(y)my,

~y

where (1) the sum is over all flow lines v such that

lim ~(¢t) =m, lim y(t) = (a critical point) m, of index i — 1,
t——00 t—o00
and (2) e(y) is either 1 or —1, the choice depending on whether 4 ‘preserves or
reverses orientation’.
Some explanation of (1) and (2) is necessary. First, since the Morse-Smale
condition gives

dim F(m,m,) = 1,

it follows that there are only finitely many such =, hence the sum is finite.
Second, to define the sign of e(y), we first choose arbitrary orientations of the
unstable manifolds. Since M is oriented, and since the stable and unstable
manifolds intersect transversely, we may then assign orientations to the stable
manifolds in a consistent manner. The manifold F'(m, m,) itself thus acquires
an orientation. We define e(y) to be 1 if the natural orientation of y agrees
with its orientation as a component of F'(m,m~); otherwise we define e(y) to
be —1.

Tt can be shown that (C.,d,) is a chain complex, i.e. that 9;_1 0d; = 0 for
all ¢. For this, and for the proof of the next theorem, we refer to section 2 of [6],
where a detailed discussion can be found.

Theorem 4.2.1 The homology groups of the chain complex (C.,0s) are iso-
morphic to the homology groups of M . O

If M is orientable, as in the above definition, then homology groups with
coefficients in 7 are obtained. If M is not orientable, then some modifications
to the definition are necessary. The simplest way to do this is to work over Z /27
instead of 7, i.e. to replace C; by C; ® 7Z /27, and then to define e(y) = 1 for
all y. In this case the theorem 1is true for homology groups with coefficients in
Z]27.

It 1s possible to formulate and prove a similar theorem for the cohomology
groups of M, using the dual chain complex (see [6]).

The Morse inequalities (Theorem 2.3.1) follow from the statement of the
above theorem by a purely algebraic argument (using rank H;(M) = rank Kerd;—
rank Tm 9;41 and rank C; = rank Kerd; 4+ rank Tm 9; ). The ‘lacunary principle’,
that f is necessarily perfect if all its critical points have even index, also follows
immediately, since in this case we have 9; = 0 for all 1.
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FEzample 4.2.2 Consider the Morse function on the circle with three local max-
ima and three local minima depicted in Example 2.2.2.

This is of course not a perfect Morse function. But the homology groups may be
calculated by using the Witten complex. If we choose the ‘clockwise’ orientation
on S' and on all stable manifolds, then the map 8;: Cy — Cj is given by:

HF=-A+C, .D=A-B, &HE=B-C.

The kernel and cokernel of §; are therefore both isomorphic to 7. a

Frample 4.2.3 Consider the Morse function f:RP* — R defined by

f(lwo, - 2n]) = Zcz'|$i|2/z |

1=0
with ¢g > ... > ¢,, which we met in Example 2.3.6. Let us calculate the

homology of RP" by using the Witten complex. First we take coefficients in
Z/27Z, to avoid the problem of dealing with orientations.

The critical points are the coordinate axes Vp,...,V,, and the indices are
(respectively) n,n —1,...,0. Thus C; = Z/27V,_; for 0 < i < n. As in the
case of CP" in §3, we may identify the stable and unstable manifolds explicitly.
In particular, we see that the space F(Vi, Vi41) of points on flow lines from V;
to Vip1 is of the form

{[0;...;0;%;%;0;...;0] € RP" | x € R}.
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In other words, it is a copy of RP' 22 §'  and so there are precisely two such flow
lines. Thus, every homomorphism §; is zero, and our Morse function is perfect.

With integer coefficients the situation is more complicated, particularly since
we have not defined the Witten complex (over 7Z) for a nonorientable manifold,
and it is well known that R[P” is orientable only when n is odd. However, the
Witten complex can in fact be defined for any manifold (see section 2.1 of [45]),
and it turns out that for RP" the maps d; are given by

5 B 2n 1f 7 1s even
=90 s odd

This gives the integral homology groups of RIP". d

FEzample 4.2.4 Any function associated to the standard torus action on a gen-
eralized flag manifold (see Example 4.1.7) has trivial Witten complex, since all
critical points have even index. However, the real analogues of these complex
manifolds (which include R" and more generally the real Grassmannians) give
rise to nontrivial Witten complexes, and it may be expected that these com-
plexes are determined by the same combinatorial information that describes the
behaviour of the flow lines. This 1s indeed the case; full details may be found in
[45]. Extensive earlier work on the Morse theory of these spaces can be found
n [14], [61], [62], [26], [22]. The convexity results of [2], [38] were extended to
these spaces in [21]. O

The above description of the Witten complex, phrased in the language of
differential topology, is closely related to earlier work of Smale and Thom (see
[27], [48], and [60]), in which the groups C; appear as the relative homology
groups of the pair (M;, M;_1), for a suitable filtration {M;} of M, and the maps
0; appear as the connecting homomorphisms in the homology exact sequence.
(The space M; is obtained by taking all cells of dimension less than or equal
to ¢ in the usual Morse decomposition of M .) Witten’s original motivation was
actually quite different, as it arose from quantum theory. A brief description
of Witten’s point of view, together with further historical information, can be
found in [13].

Finally we mention that an extension of the theory to the case of Morse-Bott
functions is given in [6]. Another reference where full details of the material of
this section can be found is the book [58].

4.3 Morse theory as a topological field theory

In section 4.1 we have seen that it can be useful to study families of Morse
functions on a given compact manifold M. This can be taken as motivation
for the ‘field-theoretic” approach to Morse theory of [8], [9], [17], [18], [28; 29],
so called because it is based on similar constructions in gauge theory. As such
constructions tend to involve rather elaborate preparations, we shall just give an
informal description here.
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The basic ingredient is a certain ‘moduli space” M(T'), which is a device for
counting configurations of flow lines. The definition of this space depends on M
and on a choice of an oriented connected graph T'. We assume that T' has ny
edges parametrized by (—oo,0] (‘incoming edges’), na edges parametrized by
[0,1] (“internal edges’), and ngz edges parametrized by [0, 00) (‘outgoing edges’).
In the example below, we have n1 = 2, no = 1, and nz = 3.

2

W

An element of M(T') is a ‘configuration of flow lines of Morse-Smale functions
on M, modelled on T, i.e. a continuous map F:I' — M such that, on each
edge of T', F is (part of) a flow line of a Morse-Smale function on M. Thus,
for the graph illustrated above, F(T') might look like the diagram below, where
the white dots are critical points approached by the incoming and outgoing flow
lines.

Let f7,..., §1+n2+n3 be the Morse-Smale functions in the definition of JF,
and let af, ..., agl, agl+n2+1’ ce a§1+n2+n3 be the critical points which are

approached by the incoming and outgoing flow lines in that definition (the
white dots in the diagram). For any (n; + ns + nz)-tuple of functions ¢ =
(91, Gnitnaotns) On M we define

My(T) = {F e M) | 7 = g:}-
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For any (n1 + ns)-tuple of points b = (b1,...,bny, bnydngtis-- s bnitnotns) Of
M, we define

My(T36) = {F € My (1) | af = bi).

(These definitions are informal versions of the precise definitions in [9].)

We shall assume from now on that all stable and unstable manifolds of
i n1+n2+n3 intersect transversely, in particular all these functions are
Morse- Smale functions. Under this assumption, it can be shown that My(T;d)
is a smooth manifold, that M, (T'; b) is oriented if M is oriented, and that

dimM,(T;b) = Zmdexb Zlndean1+n2+z (dim M)(dim H{(T; R)+n—1).
i=1 i=1

FEzample 4.3.1 Let T' be the graph below with ny = ng3 =1, ny = 0:

Let ¢ = (¢1,92), b = (b1,bs). Then the points of M,(T';b) are in one-to-
one correspondence with the points of Ug1 552, where Ug’ is the unstable
manifold of the critical point b; of g;, and Sg’ is the stable manlfold From the
transversality assumption we have (see sectlon 1.4)

codim U,;qll N S,‘(]}j = (dim M — index by) + (index ba).

This checks with the general formula above, i.e. dimM,(T;b) = indexb; —
index b . O
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FEzample 4.3.2 Let T' be the graph below with ny =2, ny =0, and n3 = 1:

Let ¢ = (g1,92,93), b = (b1,b2,b3). In this situation the points of M,(T;b)
correspond to points of U,;qll N U,;q; N S,‘fs’ . Transversality implies that

codim U,;qll N U,;q; N S,‘fs’ = (dim M — index by) + (dim M — index b)) + (index b3).
Again this is consistent with the general formula. d

We come now to the main part of the construction, which will associate to
each graph T' a topological invariant of M. This will make use of the Witten
complex (Cw(f),0x) of a (Morse-Smale) function f, which was defined in the
last section.

For a fixed choice of ¢ (as above), we define

qg(r) = Z e(gj) bl ®...0 bnl ® bn1+n2+1 ®...0 bn1+n2+n3,
Fh

where the sum is over all F,b such that F € M, (T';b) and dimM,(T;b) = 0. If
M is oriented, so is the zero-dimensional manifold M,(T';b), and e(F) is plus or
minus one, according to the orientation of F as a point of M,(T’;b).

Thus, if M is oriented, we may regard ¢,(T') as an element of

n1 ni1+nz+ns
(@C*(gi)) ® ( ® C*(gi)),

i=ni+ns+1
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where C*(g;) is the dual complex to C.(g;). Tf M is not oriented, then the
definition of e(F) must be modified in the same way as the Witten complex.
The construction of ¢,(T") depends on the choice of the (n1 + na 4 ng)-tuple
of Morse-Smale functions g, of course. Nevetheless, it turns out that this choice,
and all other choices necessary for a rigorous definition of ¢,(T'), are irrelevant:

Theorem 4.3.3 ([8;9;28]) The element q,(T') is annihilated by the (appropriate
extension of ) O., and so we obtain a class

n1 ni1+nz+ns
[q,(T)] € (@H*(M)) ® ( %4 H*(M))~

i=ni+na+1

This element depends only on the graph T'. O

We denote the class [¢4(T')] by ¢(I'). We may regard ¢(I') as an element of
the ring Hom(& H*(M), @ H*(M)), i.e. as an operation on cohomology classes.
Various well known operations can be obtained this way, by choosing suitable
graphs. We shall discuss the case of the (cup) product operation in the following
example.
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FEzample 4.3.4 We choose the graph illustrated below:

If M, (T;b)(= U,;qll N Ué]; N Ulf;’) is nonempty and zero-dimensional, then by
transversality we must have Z?Il(dimM —index b;) = dim M. We obtain

q(T) € @ Haim =iy (M) @ Haim =iy (M) @ Haim pr—iy (M),
i1biotis=dim M
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and hence also

() € D  E) e HE (M) @ HE (M)
i1iotis=dim M

From our calculations of the triple product operation of H*(Gry(C")) in section
3.6 and the end of section 4.1, it is clear that ¢(T') must be precisely that oper-
ation. This works for any orientable manifold M | because the main ingredient
used in our calculation for Gr,(C") was the existence of three functions, all of
whose stable and unstable manifolds intersect transversely. In the general case,
however, it is not easy to identify such ‘generic’ functions explicitly. The special
feature of Gr,(C"), and indeed of any manifold with a complete torus action (as
defined before Example 4.1.7), is that one only needs generic elements of the Lie
algebra of the torus, and the existence of these is guaranteed by the convexity
theorem. d

The product operation has been described by other authors in terms of the
Witten complex — see [6] and [65].

In all our examples so far we had n, = 0, and the space My(T';b) was
identified with a subspace of M itself. In general, M,(T';b) may be identified
with a subspace of the (ng + 1)-fold product M x ...x M.

The theory described in this section makes use only of those My(T'; b) which
are zero-dimensional. Tn [17], [18] the higher dimensional spaces are used to
construct a much more complicated algebraic object, which gives correspondingly
more topological information.

4.4 Origins and other directions

The study of critical points of functions on infinite-dimensional spaces (e.g. on
function spaces — the Calculus of Variations) has been a guiding principle right
from the beginning of Morse theory. Rather surprisingly, perhaps, the develop-
ment of almost all of Morse theory has been prompted by infinite-dimensional
examples! Since the infinite-dimensional theory is much more complicated, it is
usually presented as a generalization of traditional Morse theory, and we shall
continue this tradition by giving only a brief list of examples, almost as an af-
terthought. Nevertheless, it is very likely that future directions in Morse theory
will be strongly influenced by examples like these.

One of the earliest examples was the study of geodesics as critical points of
the length or energy functional on the space of paths on a Riemannian mani-
fold. Morse’s idea of using ‘broken geodesics’ to reduce the problem to a finite-
dimensional problem is described in detail in [47]. Subsequently, a general theory
of Morse functions on Hilbert manifolds was developed by Palais and Smale (see
[51], [52]), under the assumption of ‘Condition (C)’. This condition, a substitute
for compactness, is satisfied in the case of the geodesic problem, but unfortu-
nately not in the case of many other important examples. For example, it is
not satisfied in the case of the energy functional on the space of maps from a
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Riemann surface into a Riemannian manifold. In this case the critical points are
the harmonic maps, which are closely related to minimal surfaces.

For the Yang-Mills functional on the space of connections over a Riemann sur-
face, a substitute for compactness was found by Atiyah and Bott ([4]). This led to
new developments in finite-dimensional Morse theory, namely for the functional
|p|? where i is the moment map for the action of a (not necessarily abelian) Lie
group on a manifold M. In [42], Kirwan showed that a version of Morse theory
holds for this function, even though it is not a Morse-Bott function.

A general approach to Morse theory for the Yang-Mills functional (and other
functionals, such as the energy functional on maps of Riemann surfaces) has
been given by Taubes (see [63] and also the survey article [64] of Uhlenbeck).

All these examples focus on the critical points of a functional, but (as we
have seen) it is possible to take a different point of view by focusing on the
flow lines. Floer’s idea of restricting attention to certain well-behaved flow lines
is such a case, and this was also motivated by an infinite-dimensional example
— the ‘area functional’ on closed paths in a symplectic manifold X. The flow
lines in this case have particular geometrical significance: they may be regarded
as ‘holomorphic curves’ in X, where X is given an almost complex structure
compatible with its symplectic structure. Such holomorphic curves arose in
earlier work of Gromov, and the homology theory which is computed by the
Witten complex in this situation is known as Gromov-Floer theory. (Tt is also
closely related to quantum cohomology theory.)

Floer applied his theory to an apparently quite different example, the Chern-
Simons functional on the space of connections on certain three-dimensional man-
ifolds. Again the flow lines have a geometrical meaning: they are Yang-Mills
instantons. The homology theory arising here is called Floer homology.
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